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SUMMARY
This thesis examines the radiation pattern characteristics of 
microstrip linear travelling-wave array antennas. Initial 
experimental investigations indicate that these structures can, 
in some circumstances, suffer from severe polarisation impurity par­
ticularly in the off-axis planes. These performance limitations 
have not been reported in the literature prior to this work, and 
are not amenable to calculation by existing theories.
With the objective of accurate radiation pattern calculation of 
generalised periodic micrcstrip travelling-wave array structures, 
a new9 unified, theoretical treatment is developed. This theory 
is based on a Green’ s Function formulation in an infinite array 
environment. In this way, higher order effects such as mutual 
coupling, surface wave generation and hybrid-mode propagation are 
included. Additionally, the analysis is structured to enable a 
wide variety of antenna geometries to be considered. Each non-identical 
period of a practical array is considered as being in an infinite 
array of identical periodic geometry. This geometry is  then specified 
in terms of a single period (or "unit ce ll" ) . The unit ce ll geometry 
of the array to be studied is specified as a set of non-equal 
rectangular segments whose dimensions and positions are variable.
In a numerical implementation o f the analysis, this allows the 
geometry of the antenna to be specified at run-time.
Application of the infinite array results to practical, non-infinite 
structures is discussed, and the resultant radiation patterns cal­
culated via a suitable Green’ s Function.
This theoretical approach is validated by comparison between 
experimental and predicted results. Very good correlation is 
obtained although in short (10 wavelength) structures,•direct 
radiation from the transition effects the experimental results.
In both the general applicability and the accuracy of the results, 
the theory appears to be a significant advance in the analysis of 
this class of radiating structures.
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1CHAPTER Is AN INTRODUCTION TO MICROSTRIP ANTENNA STRUCTURES
The microstrip antenna has been the subject of considerable
12 3international interest in recent years ’ * . At least in part, this 
has been due to an increasing number of applications where a 
low-profile, light weight, antenna structure is highly desirable. The 
raicrostrip antenna satisfies these requirements and, at least in some 
circumstances, has the additional advantage of relatively low production 
cost.
The basic microstrip transmission line was introduced during the 1950's 
and consists of a single thin dielectric slab with one surface (the 
lower) bonded to a conducting ground plane, with the opposite (upper) 
surface likewise bonded to a narrow conducting strip (Fig. 1.1). This 
type of transmission line is often preferable to, say, waveguide or 
co-axial line providing its disadvantages, primarily of loss and power 
handling, can be tolerated .
The idea of utilizing this medium to form an antenna structure was first 
proposed by Deschampes as early as 1953. It is based on the 
fundamental property that any distortion of the upper conducting 
geometry from an infinite transmission line will cause radiation to
5occur • Rigorously, this follows from solving Maxwell*s equations for 
the structure, and is analogous (for unity dielectric constant) to the 
well known twin wire transmission line.
Following Deschampes* suggestion, the most significant early work on
radiation from microstrip discontinuities was that of Lewin 5 in 1960,
although work on the excitation of surface waves in dielectric
structures, for example that of Barone 6 has some relevance (Chapter
71.1). Lewin*s work, later extended in 1979 > leads to approximate
2results which can be usefully employed in the design of microstrip 
antenna structures (Chapter 1.3)®
This early theoretical work was not usefully experimentally realised
g
until the 1970’ s, with Munson normally being credited with the first
practical antenna. In part, the antenna development had to await the
arrival of relatively large scale, high quality, dielectric substrates
with good mechanical characteristics. These became available during the
q
1 9 7 0 ’ s and are s t i l l  steadily improving .
Munson's implementation of the microstrip antenna consisted of a
rectangular microstrip resonator. The walls of the resonator present
open-circuit type discontinuities, giving rise to significant radiation.
In subsequent developments, the shape of the resonator was varied, with
10 11 12polygon, circular and e llip tica l shapes reported 9 7 . In practice,
such "patch antennas" can be matched to a suitably convenient impedance
so forming useful antenna structures, with the radiated polarization
13being primarily dictated by the choice of boundary shape
It is these basic radiators which have attracted the majority (though by
no means a ll) of theoretical interest. The major problem has been the
accurate calculation of input impedance, with a number of very recent
14 15complex theories giving good results * . Qualitatively, the patch is
electrically relatively small in area (of the order 0.25Ao ) and is 
mounted close to a (assumed infinite) ground plane. From fundamental 
considerations, therefore, a wide beamwidth, narrow bandwidth, antenna is
1 A  1 *7 «expected 9 , and indeed this is the case. Typical figures of 12CT
3-3dB beamwidth and 2% bandwidth 1 (in terms of VSWR) are readily 
achieved 1 0 .
High frequency use of these structures, where the dielectric layer is 
often electrically thick, is limited primarily by loss considerations 
and by the production of surface waves. These important properties are 
discussed more fully in Chapter 1.1.
The basic patch represents a useful, narrow band, broad beamwidth 
radiator. In many applications a much narrower beamwidth is required. 
This thesis examines one class of structures potentially capable of 
achieving this in one plane, with a broad beam orthogonally. Particular 
attention is focused on sidelobe levels and the radiated polarization. 
These structures in some ways represent an obvious extension to the 
patch radiator by forming a linear array of such elements. The array is 
energised via some form of feed network, and provides the extended 
electrical aperture necessary for high directivity. By suitable choice 
of feed network characteristics and element geometry, potential control 
over the aperture field  distribution is possible.
One approach not considered is the parallel fed array. In this a
corporate feed network is employed to feed each element individually,
a ll elements being matched to their own feed line. This arrangement has
18been used with some success . However, the integration of the feed
Note (i)  Throughout this thesis, percentage frequency bandwidth is 
defined as
2 x tf HIGH ~ f LDW) x 10C1% wherE f LOW f HIGH arE the
t f HIGH + f LDW5
lowest and highest operating frequency.
significant levels of uncontrolled radiation directly from the feeder.
Use of a separate shielded feed network is possible, although the
transition from the feed to the individual elements can cause
19significant d ifficu lties . Furthermore, as each element is matched to
the feeder, an inherent bandwidth of the same order as that of a single
element is to be expected.
An alternative approach to array antennas, adopted here, is the 
series-fed or travelling wave array. In essence, each element of the 
array radiates a small amount of power coupled from a central 
transmission line, with any residual power at the end of the array being 
absorbed in a matched load. Obviously, this type of feeding is 
considerably simpler than the parallel fed structures and might be 
expected to give rise to less unwanted radiation. Furthermore, each 
element is often unmatched to the feed line. It may then be possible, 
at least in some cases, to obtain a broader bandwidth than is available 
from a single element. This follows from the structure being more 
tolerant to change in input impedance of individual radiators.
It is inevitable, however, that there will occur a frequency dependent
20main beam pointing angle (with respect to the array face)
Furthermore, the use of unmatched radiators precludes operating the
array at such a frequency to produce a normal boresight beam, as in this
case an extremely poor input match will result ( c . f .  slotted waveguide 
20arrays) . It is possible to overcome the boresight scanning
d ifficu lties, by effectively introducing a phase error across the array 
21 This solution will not be further studied, due to the inherent lack 
of sidelobe control. The disadvantages of main beam scanning in the 
travelling wave array is common to a ll implementations of the principle. 
It is often acceptable, and in some cases desirable, provided good
4
n e tw o r k  on t h e  sam e b o a rd  a s  t h e  r a d i a t i n g  e le m e n ts  c a u s e s  v e r y
5radiation pattern control can be achieved. The widespread use of
22slotted waveguide array antennas clearly demonstrates this point
This simple outline of the travelling wave array concept has excluded 
mention of an important sub-division of this antenna group, that of 
continuous line radiators. It will be recalled that any microstrip 
discontinuity represents a potential antenna structure. Therefore a 
simple transmission line formed into a curve is a possible radiator, and 
extending this concept leads to the snake or meander line antenna shown 
in Figure 1.2c. The transmission line here is sinusoidally modulated, 
although triangular and square modulations have also been reported 
In these structures the frequency dependent beam pointing angle property 
w ill again occur, due to the serial feeding.
It is clear, therefore, that an infinite variety of microstrip linear 
travelling wave arrays exist. It is the purpose of this thesis to 
examine the radiation properties of such structures, both experimentally 
and theoretically. In itia lly , however, existing theoretical approaches 
to microstrip radiating structures in general, and specifically the 
travelling wave array, are discussed.
1.1 The M icrostrip Transmission Line
As a prelude to the calculation of radiation effects in fin ite 
microstrip structures, the theoretical problems encountered with the 
infinite transmission line are briefly examined.
Consider the transmission line shown in Figure 1.1. It is assumed the
23quasi-static field  distribution is as shown in the figure . I f  the E 
and H fields are expressed in component form, solving Maxwell's 
equations and applying the relevant boundary conditions at the
6a i r - d i e l e c t r i c  i n t e r f a c e  g i v e s :
Ce - 1 ) 8H r
3z
X
where is the relative permittivity (dielectric constant) of the
space and dielectric region respectively.
It is immediately clear, therefore, that i f  e H must exist as HF Z X
is non-zero from the quasi-static field distribution shown in Figure
1.1. Similarly, 15, can be shown to exist. It is therefore clear that
the fundamental mode of propagation in the microstrip line with 1
is of a hybrid nature -  that is a ll six field  components are present.
Furthermore, this property arises essentially from a fringing field
effect and, as the level of these fields ih the substrate below the line
is small compared to the main fie ld , it  may be supposed that the
deviation from T.E.M. (H = 0 , E = 0 ) propagation is small. This hasz z
been shown experimentally to be true in the cases of relatively low
24frequency and low dielectric constant often used in practice
However, more generally, the effect of the hybrid mode is clearly
apparent. The primary consequence of this is the frequency dependance
of the propagation constant along the line. I f  true T.E.M. propagation
is assumed, this is simply linear* In reality, however, curves
25such as that shown in Figure 1.3 may be found and the propagation
constant is clearly frequency dispersive.
When using the propagation constant along the basic transmission line 
several authors assume a T.E.M. modal field distribution allowing for 
the frequency dispersion effect via a bulk correction to the propagation 
constant (often empirically derived). This type of approach has been 
successful in some cases» but» course, is only an approximate
material, H = Hx x + H^y + I^and the superscripts s ,t  denote the free
7solution and does require a_ priori knowledge of the frequency 
dispersion along any particular line.
When the frequency dispersion effect is low however, it  is possible to
derive good estimates for the fundamental propagation constant along the
transmission line. When doing this, it  is important to realise that the
fringing field  effect causes an effective broadening of the physical
line width. A useful way of allowing for this is the introduction of an
effective dielectric constant, This is formally defined as the
square root of the ratio of the propagation constant along a particular
line geometry with and without the dielectric present. It is a line
width dependent parameter, as it  is related to fringing fie lds, and
approaches the actual dielectric constant for large line width (under
the T.E.M. assumptions). Approximate calculation of the parameter
can take several forms, and as an excellent review is given by Mittra 
25and Itoh it  is not proposed to consider these in depth. A good
illustrative example is that of Conformal Mapping as employed by Wheeler 
26 Qualitatively, the geometry of the microstrip line is mapped into a
suitable conformal domain so that a simpler parallel plate structure is
obtained. Unfortunately, the mapping causes the space between the
plates to be inhomogeneously fille d , with the dielectric between the
plates having a curved boundary. In Wheeler’ s approximation, this
boundary is approximated to the planar one, thus allowing the
calculation of the propagation constant. His formulae, also related
27to the work of Schneider , are shown in Table 1.1.
Losses in microstrip (ignoring that due to radiation and surface wave 
generation) can be allocated to imperfect dielectrics (dielectric loss), 
the effects of non-infinite conductivity (conductor loss), and loss due 
to non-perfect fabrication (surface roughness e ffects). Providing good 
manufacturing techniques are used, surface roughness effects are
8normally negligibly small for microwave frequencies (up to, say, 20 
GHz). At millimeter and sub-millimeter frequencies, however, these 
effects become, extremely important with losses increased by a factor of 
two or more being recently reported 2b .
Provided these extremely high frequencies are avoided, the calculation
of loss can be approached in a fairly direct way. The most generally
26accepted approximate formula is due to Wheeler , again using a
Conforraal Mapping approach and the T.E.M. approximation. These formulae
include both conductor and dielectric loss and are summarised in Table
1.1. They are necessarily approximate, with a claimed accuracy of a few
percent under normal circumstances (that is T.E.M. approximation valid
and surface roughness insignificant), although d ifficu lties can arise at
30certain line widths .
In order to attempt a more accurate calculation, full-wave analyses have
31been attempted, notably by Davies et al (in that case for
multi-layered dielectrics below the line). In these analyses the fields
are expanded in the various regions and boundary conditions applied to
calculate an accurate current distribution across the conducting strip.
Dielectric loss can be allowed for by use of a complex permittivity.
Providing the line losses are low, a perfect conductor approximation may
be used to calculate the current distribution and a bulk correction for
the fin ite conductivity applied. This is essentially the small loss
32approximation often used in waveguide theory . Unfortunately, under 
some circumstances losses in raicrostrip lines are large and thus the 
current distribution (not just the level) may be altered. This then 
requires a true boundary condition of a lossy conductor to be applied to 
the field  expansion in the analysis (c .f .  lossy waveguide theory^2).
To achieve loss figures of greater accuracy than those using
9the T.E.M. approximation, in particular those of Wheeler, requires 
a highly complex calculation due to the need for an accurate 
representation of the current distribution in the conductors. 
Furthermore, for commonly used dielectrics and normal microwave 
frequencies, Wheeler's results appear to offer a good approximation to 
the actual measured loss (Chapter 2) and are widely used.
Thus far, this discussion has implied the presence of the dielectric
represents a relatively small effect on the modal field distribution,
and can often be taken into account simply by using an effective
dielectric constant. There is , however, a further important consequence
of the presence of a non-unity dielectric constant material. In the
plane of the board, at distances slightly removed from the upper
conducting strip of the microstrip line, the structure is simply a
grounded dielectric slab. Such an arrangement is quite capable of
32supporting a wave structure, with such waves being termed "surface
waves" as their field  rapidly decays exponentially away from the
dielectric surface in the free space region. Such waves are true
propagating waves in the plane of the dielectric substrate. They must
not be confused with the evanescent fields normally surrounding antenna
structures, which have a similar type of decay away from the
aperture plane. Such evanescent waves are associated with the reactive
17energy field  of an antenna (Rhodes, ), and do not carry real power 
along the structure. True surface waves, however, do propagate in 
certain structures, for example dielectric siabs, and carry real power.
In microstrip structures such waves represent an unwanted (and d ifficu lt 
to control) power flow away from the structure. In real, non-infinite, 
systems such surface waves will cause increased radiation from
discontinuities such as ground plane edges and, in array antennas, can
33increase the mutual coupling effect .
1 0
Surface waves, however, are desirable in other areas, particularly H.F.
propagation where the earth represents a lossy dielectric slab. Surface
waves in this case are often termed "ground waves" or "Norton waves".
Historically, the problems of excitation of surface waves have been
theoretically studied from this viewpoint. The classic work on this
34subject is due to Sommerfeld with other well known contributions due 
to Lo Cullen ^  an<j Friedman and Williams
This early work relates primarily to a vertical current element
(elemental dipole) above a dielectric slab. Of more direct relevance to
the microstrip problem is a horizontal element above a grounded
nO
dielectric slab. This problem was examined by Tsandouas and by 
Collir?2 and clearly shows the possibilities of launching surface waves 
in microstrip structures. The important point to note is that surface 
waves can be considered in terms of TE and TM type mode sets. Whilst 
the efficiency of excitation of any one mode is a geometrically 
dependent factor, the lowest TE mode has a cut-off frequency dependent
on slab thickness (and dielectric constant) whereas the lowest TM mode
has no low frequency cut-off (for ^ 1). Thus, from microstrip 
structures of arbitary upper conductor geometry, surface waves will 
always exist, albeit at a low level.
In terms of surface wave launching from microstrip lines per se, the
pioneering work (and s t i l l  the most significant) is due to James and 
39Henderson who studied the launching of surface waves from a 
microstrip open circuit. This work is discussed in Section 1.3» 
together with its implications on antenna design. It is clear, however, 
that the launching of surface waves will be dependent on the geometry of 
the upper conductor.
1 1
From this somewhat brief discussion of the basic microstrip transmission 
line, it  is apparant that a precise model of its properties is extremely 
complex -  a ll six field  components exist and must be allowed for, 
conductor losses can be high and hence a strip of fin ite conductivity 
and dielectric with complex permittivity may have to be considered, and 
finally complex surface wave effects may occur. However, at microwave 
frequencies with normal board parameters losses can be reasonably 
approximated. Furthermore a T.E.M. approximation can be used, although 
care must be exercised when calculating the propagation constant under 
high dielectric constant conditions. Surface wave generation can be 
limited by choice of board thickness and is often neglected, although 
great care must be taken i f  so,
1.2 M icrostrip Travelling Wave Array Antennas
As already shown (1 .1), the infinite transmission line presents some 
complex theoretical d ifficu lties . The problem of fin ite radiating
structures, particularly of arbitary shape, further increases this 
complexity.
As the subject of this investigation is the travelling-wave array, the 
various theoretical approaches to this are examined. As has already 
been stated, an infinite number of raicrostrip travelling-wave antennas 
exist. It is believed the theory developed in later chapters of this 
work represents the first  attempt at a unified approach to the 
calculation of the radiation properties of generalised microstrip array 
structures. In the literature currently available, only particular 
structures are considered and approximate design data derived. In most 
cases, the array structure is modelled as a transmission line of known 
propagation constant with the elements directive point sources of
1 2
particular radiation conductance. From this model, well known general
20travelling-wave antenna design principles can be applied , noting that
in some cases there may be an additional alternate phase reversal
between the elements i f  successive elements are opppsiteiy directed in 
4 ospace . This later type of structure is said to possess "glide 
41symmetry"
In the case of serially fed discrete radiators, the first design problem 
is the determination of particular elemental geometries which are 
resonant, and their resultant radiation conductance (which is a function 
of geometry). The continuous-line type of array structure is 
essentially non-resonant, and hence the problem resolves into 
determining the radiation conductance as a function of the single period 
geometry.
The remaining required unknown is the propagation constant along the
line. This is normally derived by assuming simple infinite line
microstrip formulae loaded by the element conductances at positions
along the line equal to the inter-element feed-line lengths. A simple
equivalent network model then gives the required propagation constant.
42Otherwise, the propagation constant can be directly measured
Such simple point source models have been applied to a number of
geometries, including comb line and sinusoidal snake (serpent) line 
43 42antennas, * with the point sources taken at the maxima and minima of 
the sinusoid in the later case (chapter 1*4).
Normally these simple models completely neglect mutual coupling
44throughout the array and, with the notable exception of James et al , 
ignore surface wave loading. Nonetheless, useful antennas have 
resulted, although generally with a lack of control of sidelobe and
13
In order to examine the validity of these simple approaches, and indeed 
the comparative radiation performance of certain travelling-wave arrays, 
an experimental study of three types of structure was conducted and is 
reported in Chapter 2. The structures chosen were the comb-line, snake 
(or serpent) line and patch-line (Figure 1.2). These were chosen as they 
represent, respectively, a resonant-type array linearly polarised 
perpendicularly to the array axis, a continuous-line radiator also 
linearly polarized perpendicularly to the array axis and, finally, a 
resonant-type array linearly polarized parallel to the array axis. The 
simple theories behind these structures is summarized below.
1.3 The Microstrip Comb-Line Antenna and Open Circuit Radiation
This structure, as shown in Figure 1.2(a), represents one of the most
popular configurations of microstrip travelling-wave arrays. Early
theories due to James and Wilson (M3) and Lewin (7) have been
45 45supplemented and extended by several authors, particularly Hall * ,
47 4 g 40 50Wood ' and Brown , the latter being discussed in Chapter 2, In
essence, the antenna takes the form of a set of raicrostrip open-circuit
radiators (termed "stubs" in the literature) serially fed from a central
microstrip line (Figure 1.2a). In order to taper the aperture
distribution and hence control the radiation pattern, the stub width is
altered over the array length. In principle, for narrow bandwidth
operation, the stub position along the feed-line can also be varied to
control the relative phase of the excitation of the elements, hence
51producing shaped radiation patterns . In practice, normally a 
symmetric radiation pattern slightly scanned from boresight is required
cross-polarised radiation.
14
(to avoid a large input V.S.W.R.), and hence uniform stub separations
are used. The basic principles covering travelling-wave design are well 
20,40known 1 , and these are not discussed here. The essential problem in
element design is the derivation of radiation conductance as a function 
of stub width and the correct stub length to ensure resonance (also a 
function of width).
43 7The two early theories 1 have somewhat different basic assumptions 
but have been shown experimentally by this author to both give 
reasonable agreement with experiment for some elements, but both to be 
inaccurate for general stub geometry (Chapter 2, and 56 ).
52A full comparison of these early theories has been made , hence ■ 
only the salient points are discussed here. In essence, Lewin considers 
the microstrip open circuit radiator to be equivalent, in the far field, 
to a magnetic dipole placed at the position of the open-circuit. By 
assuming T.E.M. propagation with an effective dielectric constant 
empirically derived (to allow for the frequency dispersion effect), 
Lewin derived a Hertzian vector for the open circuit. From this, the 
power radiated for a unit incident current wave is derived to be
! ■ 60 «‘o-t)SV w  (u,)
w i t h F 1 ( e e f f )  =  ( e e f f  +  '  U e f f  '  1 ) !
e I n
i/c ” + 1efifi
e f f  2 e e f f  | / e e f f
/e „„ - 1 
e f i f
(1.2)
and hence an open circuit conductance G = 60 TT2t2Fi (e / Z2 X2J{ J* o*P*F c O
with ^the impedance of the microstrip stub.
The primary early alternative to the Lewin approach is that due to James 
4aand Wilson . Again, T.E.M. propagation is assumed, with chosen
15
to include dispersion effects. Here, however, the radiation is assumed
to eminate from aperture at the end of the microstrip line. The well
53known vector Kirchoff formula is then used to evaulate the far field
with the reflection coefficient at the open circuit end, r , directly
47related to the open circuit conductance, G D . A later paper
R 54derived an expression for G D based on Sobel's earlier work , to ben
G „=   L _ F 2 ( X>  (1-3)
1 2 0 - it2
with X = 2w 120tr
Xn Zc/T7po s e ff
and F 2 (x) = X Si(x) ~ 2 sin2 (x/2) -  1 + sin (x) /  X
52A comparison of these formulae both by this author and by Wood, Hall 
44and James shows generally good agreement. The effect of radiation
from the side of the stub has been explictly considered under the T.E.M.
5 a 
56
55assumption by Lewin nd shown, for most instances, to be small. This
is confirmed by Wood
These basic approaches Ignore the effect of surface wave launching,
57 58 59 60Surface waves are discussed by a number of authors 9 9 and with
39the most directly relevant work that of James and Henderson . Again,
44this is excellently reviewed by James, Hall and Wood , hence only the 
important features of the theory and major results are presented here.
The theory essentially considers a T.E.M. approximation for the fields 
in the microstrip line, with an equivalent line width used to account 
for fringing field. The fields beyond this microstrip open circuit are 
expanded in terms of Hertzian vector potential and relevant boundary 
conditions applied at the open-circuit position.
16
In order to solve the resulting equations the approximation is made that 
the aperture at the open circuit is totally defined by the effective 
width of the raicrostrip line, with zero field elsewhere in the plane of 
the aperture. Equivalently, this assumption is that the microstrip open 
circuit behaves as an aperture in a perfectly conducting ground plane. 
Results of this work are therefore somewhat approximate but still 
regarded as extremely useful and are summarized in Figures 1.5, 1.6. At 
low values of electrical thickness, the simple equations 1.2, 1.3 show 
good agreement with the more complex theory. However, as the frequency 
is raised the surface wave effect becomes more important and the simple 
formulae no longer agree. The effect occurs more readily for wide lines 
and is particularly severe for high dielectric constants.
In order to examine the validity of these various models direct
47experimental measurements have been attempted. Wood, Hall and James 
report results using a raicrostrip variant of the slotted line technique
with which, admitting experimental difficulties for very narrow stubs
and high frequencies, the theoretical results are broadly confirmed.
However, significant experimental difficulties remain in the high
surface wave regions which do not allow good experimental verification.
The next parameter of interest is the end susceptance which is normally 
corrected for via a line shortening, vl - that is fringing-type effects 
at the open circuit end cause the line to be effectively Vl longer than 
anticipated.
The direct experimental measurement of the end susceptance has been
47attempted ' but has considerable experimental difficulties.
35The work of James and Henderson also derives expressions for vl, and
44
these are compared with a variety of other published expressions in
17
Perhaps the most interesting comparison is between the quasi-static
6162formulations, such as Gopinath * (who considers both end susceptance
and inductance), and Silvester and Benedek , the full-wave analysis of
Itoh (strictly of microstrip in a box), and the James and Henderson
approach. This is shown in Figures 1.7. Also shown on the figure is
65little known work by Lewin , who includes the end inductance and end 
capacitance of Gopinath (quasi-static) and a so called "dynamic 
reactance" found via the T.E.M. approximations and integration of the 
near-field Poynting vector. No surface-wave affect is considered by 
Lewin. Results of the various approaches are similar for low dielectric 
constants, although somewhat different in character, with greater 
differences occuring for high dielectric constants (Figure 1.7).
A general conclusion on end effects is that the literature is somewhat 
unclear. However such effects are relatively small and for low 
dielectric constants (er 2 + 3) and electrically thin structures the 
various analyses basically agree numerically.
This discussion has so far concentrated on a single open-circuit
termination. In applying this to a comb-line design the literature is
again at variance. Essentially the problem resolves around the junction
with the feed line (Figure 1.2). Most authors agree that some type of
quasi-static correction can be applied, for example that due to Oliner
However, this takes no account of possible radiation effects. The
48original James and Wilson paper makes the assumption that only the
7open circuit end radiates whereas Lewin originally assumed an equal
contribution from both the stub end and *T* junction, with mutual
coupling between them modelled as two elemental magnetic dipoles
separated by the stub length. This dichotomy of opinion was somewhat
67resolved by later work of Lewin who showed the *T' junction radiates
approximately one-third the amount of an open circuit end.
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effects of radiation are not necessarily purely real - the so called
"dynamic effect" of Lewin- and hence a further end correction may be
required due to 'T* junction radiation. In any event, such corrections
will be small and that using the open end correction previously
discussed and the quasi-static fT* junction model should give
approximately correct values under the T.E.M. assumption. This is
examined experimentally in Chapter 2, and, to somewhat pre-empt the
conclusion, basically simple formulations give approximate results
consistent with experiments for narrow stubs and low dielectric
constants, low frequency cases. However, gross errors are apparent in
the simple T.E.M. approximations used in the theories when wide stubs
are considered. This broad conclusion is discussed more fully in
Chapter 2, where the revelance of recently published work by Hall and 
70James is also discussed.
1.4 The Patch-Line Antenna
This structure is shown in Figure 1.2b. In essence, a set of 
rectangular microstrip resonators are linked by thin transmission lines 
to form a linearly polarised resonant-type array structure. The 
required tapering of the aperture distribution in this case may be 
achieved via variation in the patch width. The patch length may then be 
re-adjusted to maintain resonance. These structures are linearly 
polarised, with the plane of polarisation along the axis of the antenna.
71This type of series fed array was first reported by Derneryd in both
resonant and travelling wave varients. The travelling-wave approach has
72also been reported by Danielson and Jorgenson , although in their case
The p o s i t io n  re g a rd in g  p o s s ib le  end e f f e c t  i s ,  how ever, u n c le a r  as th e
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increased frequency dispersion of the main-beam pointing angle was 
induced by the use of increased line length between the patches. The 
extra length was configured into a folded line structure to allow the 
patch elements to be spaced sufficiently closely to avoid grating lobe 
production.
Derneryd simply models the patch as two radiating apertures separated by
a relatively low impedance (wide) transmission line. Each patch is
joined to its neighbour by a relatively high impedance (narrow) line.
The apertures then behave as open-circuit radiators and hence much of
the discussion given above (1.3) applies. There are, however, a number
of other techniques applied to simple patch design which may also be
13useful in this antenna. A good summary is given by Bahl . Of
73 74particular note is the equivalent waveguide technique 9 .
Qualitatively, the microstrip resonator is modelled as a waveguide
resonator having electric top and bottom walls and magnetic side walls.
The modal field distribution is then known from waveguide theory and a
solution is found (although a true source model is not normally
included). The magnetic side walls are then removed and, under the
assumption that the field distribution is essentially unaltered,
application of the vector Kirchoff formula yields the radiation pattern.
A later sophistication to the theory assumes imperfect magnetic side
walls, loaded with a (known) admittance to allow for the presence of 
75radiation
This technique is obviously approximate, and does not include surface 
wave or other complex end loading effects. However, it does not assume 
T.E.M. propagation and makes no a priori assumptions regarding the 
current distribution over the conductors. Furthermore, such techniques 
tend to be numerically efficient and give some physical insight, in 
terms of standard waveguide mode theory, as to the operation of
20
Providing resonance is achieved, the design can be approximately 
formulated via a radiation conductance value for each patch of half that 
of the single open end, given in Figure 1.5, 1.6. However, in this
case, side radiation has been omitted which can be important in these 
wide patches as shown experimentally in Chapter 2.
1.5 Snake-Line Antenna
The sinusoidally modulated snake-line antenna (Figure 1.1c) is one 
implementation of the continuous-line radiator. Historically, these 
antennas are microstrip variants of the sandwich-wire antenna first
*7proposed by Rotman and Karas , which can be thought of as three
co-planar conductors, the centre one periodically modulated to produce 
radiation. If the antenna is backed by a cavity, a structure 
approaching microstrip is achieved. This cavity backed system has been
7 7  7 f tanalysed by Chen and Green and Whitrose . The raicrostrip
configuration, where the cavity has been shrunk to a close-spaced ground
66plane, appears to have been suggested by Trent ini in 1960, but a
80slightly modified structure was patented in 1968 . A related
structure is the snake-line in a parallel plate waveguide as analysed by
5182 83Hockham 9 and recently by Shafai , using moment method
techniques.
84Wood also considers a related problem, that of radiation from a short 
transmission line formed into a single circular arc. This is solved 
under the assumption that the curvature of the line does not seriously
p a tc h -ty p e  a n ten n a .
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disturb the magnitude of the surface fringe electric field at each side 
of the line, and that this can be modelled as two magnetic line sources, 
one on either side of the line. This analysis is somewhat complex, but 
clearly shows the power radiated to be inversely proportional to the 
radius of curvature in this simple case. Therefore, snake-line peak 
radiated power might be expected from the maxima and minima of the
modulated line. This is some justification for the use of a simple
856 42point source model by Owens and Morris and Skidmore , with
experimentally derived values of radiation conductance. Their empirical
relationship for radiation conductance as function of period geometry
for specific board parameters is given in Figure 1.8.
The snake-line, perhaps more obviously than the comb and patch-line
structures, might be expected to generate off-axis cross-polarisation,
due to the oblique direction of flow of the currents along the line.
This important area is discussed more fully in Chapter 2, but it is
noted that Morris and Skidmore make allowances for this in their
empirically based data by direct pattern measurement of co- and
cross-polarised radiation pattern gain. This is, in fact, incorrect as
it implies the co- and cross-polarised radiation pattern shapes are
identical (in all planes). As no mention is made of the off axis
radiation patterns, this assertion is not obviously correct.
Nonetheless, this represents one of the few acknowledgements in the
literature of the importance of cross-polarisation in these linearly
84polarised structures, although Wood allows calculation of the effect
from his work on simple radiating curved lines. A square modulation
also uses the presence of two radiated polarisation components to
69produce circular polarisation .
22
This introductory Chapter has discussed, mainly in a qualitative manner, 
some of the properties of microstrip lines in general and the microstrip 
travelling-wave antenna in particular. It is noted that the radiation 
properties of the latter are of prime interest, and yet no unified 
approach to these properties is available in the literature.
It has been shown that even in infinite transmission lines, complex 
effects are apparent due to the presence of the dielectric layer. 
However in many cases these have been approximately treated by a T.E.M. 
modal field distribution and a normally empirically derived effective 
dielectric constant.
Based on this approximate approach a number of authors have produced 
design data for specific array structures. The design of three 
different implementations of the travelling-wave array have been 
reviewed, with design data derived from the relevant literature. Note 
has been made of the possible validity of the theoretical approximations 
used in these design formulae. These particular structures have also 
been examined experimentally, and this is reported in Chapter 2.
Theoretically, it appears a full wave analysis incorporating lossy 
conductors would be necessary for a completely general theory. For 
normal microwave frequencies, however, a perfect conductor approximation 
with a bulk correction for conductor/dielectric losses may well offer 
adequate accuracy. Moreover, in order to calculate frequency dispersion 
and complex loading effects, a calculation of the two-dimensional 
current distribution flowing over the conductors of the array 
is necessary, derived using a full-wave type of theoretical 
treatment. Furthermore, mutual coupling and surface wave generation
1 .6  Summary
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must be included.
In Chapters 3 and 4, the development of a new theory for radiation 
pattern prediction.. of the inicrostrip linear travelling wave array is 
reported. In this, complex higher order effects such as mutual 
coupling and surface wave loading are included. Furthermore, the 
antenna geometry considered is maintained as a variable throughout 
the analysis, thereby allowing a wide variety of array structures to 
be considered.
In the fundamental assumption of the analysis, each non-equal period 
of the array to be analysed is considered to behave as if it were in 
an infinite array of identical periods. This then simplifies the 
mutual coupling calculations. A Green’s Function in this infinite 
array environment is developed such that integration over a single 
period of the array is sufficient to calculate the fields radiated, 
providing the current distribution can be found. This is achieved 
by an application of the Method of Moments and suitable boundary 
conditions at the upper conductor surface.
Use of the results from the infinite array approximation for a 
practical (non-infinite) array is discussed (Chapter 4), as is 
numerical implementation (Chapter 5). The theoretical results are 
compared to those experimentally measured (Chapter 6), This shows 
the analysis, which represents a new approach to the prediction of 
the radiation pattern performance of this type of microstrip antenna, 
is capable of good accuracy. Insofar as can be ascertained from the 
literature on this subject, the application, of the infinite array 
approximation to this type of travelling-wave array is novel.
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Furthermore, the inherent flexibility of the approach, which enables 
many different structures to be analysed from a single computer 
program, has not been previously reported.
Limitations to the analysis., both in terms of the approximation used 
and numerical implementation, are discussed, together with possible 
improvements. Finally, the impact of this work on the design of 
microstrip travelling-wave array antennas is examined (Chapter 7).
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where e^ is the dielectric constant, w the strip width, d the strip 
thickness, t the substrate depth, e ^  effective dielectric constant,
Z the line impedance, a the line attenuation constant, T the "tan <5" 
loss factor of the dielectric alone, P a factor obtained from Figure 1.4, 
and 6 the skin depth of the conducting strip.
TABLE 1.1 TEM Formulae for Microstrip Transmission Lines.
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u p p e r  conducting strip
.dielectric s l a b
c o n d u c t i n g  g r o u n d  plane
FIG. 1-1 Basic Microstrip Transmission Line
(b)
(c)
FIG. 1*2 Microstrip Travelling W a v e  Antennas
a) C o m b -  line
b) Patch-line
c) Snake-line
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frequency (G Hz)
FIG.1 * 3 Frequency Dispersion of Propagation
constant of Lossless microstrip Line
£r=11'7, W = 3*17 mm, t=3*04mm
a) After Mittra and Itoh^S
b) TEM approximation
FIG.1-4 p Loss Factor (after W h e e l e r 2 0  )
FIG.1-5 O p e n  Circuit C o n d u c t a n c e  £ = 2 * 3  
i ) w / t = 5  ii) w/t = 1 r
J a m e s  and H e n d e r s o n ^  — --eqn. 1
FIG.1 • 6 Ope n  Circuit Conductance £ =10 
i)w/t = 5 ii)w/t = 1
J a m e s  and Hen d e r s o n 3 9
•2
-  eqn.1 "2
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FIG. 1 * 8  S n a k e  Line Element C o n d u c t a n c e  
versus Amplitude, F r e q u e n c y  1 0 G H z  
(after M o r r i s  and S k i d m o r e 4 2 )
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CHAPTER 2 EXPERIMENTAL INVESTIGATIONS OF THE RADIATION FROM 
MICROSTRIP TRAVELLING WAVE STRUCTURES
In a previous discussion (Chapter 1.4) the basic design approaches to 
three travelling-wave structures were reviewed. This Chapter describes 
an experimental investigation into these structures, concentrating on 
their radiation pattern behaviour.
The basic approach in a l l  cases was the measurement of short, periodic 
(^10 Xc long) array antennas, the periodic structure being identical in 
any one array but changing from antenna to antenna. In this way, the 
effects of particular element geometry can be studied.
An operating frequency in the region of 4 GHz was chosen mainly for 
experimental reasons, but also because use of readily available board 
materials should not induce high surface wave effects at these 
frequencies (Chapter 1.3). Measurements made include total transmission 
loss (the S j parameter), input admittance, and radiation patterns all 
as functions of frequency. The radiation patterns were taken in a 
variety of planes using the co-ordinate system of Figure 2.1, with both 
co- and cross-polarisations being measured 1 .
A further technique used was that of aperture fie ld  probing. In th is ,  
an attempt is  made t® directly measure the complex aperture fie ld  
distribution of the antenna under te s t . From the resu lts, both a direct 
comparison with the design requirement is  possible and, via a numerical 
aperture integration, the fa r -fie ld  response derived. This type of
0y RA Qqmeasurement is well known as a diagnostic tool * 9 .
or
Note ( i ) :  Unless otherwise stated, the Ludwig third definition of
cross-polarisation is used. Appendix 8 gives details of the measurement 
co-ordinate system.
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To perform the probing measurements, a small antenna, such as a 
non-resonant dipole or monopole, is  placed close to the antenna face and 
moved over the entire aperture.
Providing the test antenna/probe interaction is  low, the probe w ill not 
greatly disturb the aperture fie ld s , and hence the voltage induced on 
the probe w ill be proportional to the fie ld  at that point. S tr ic t ly ,  
continuous measurement of the fie ld  is  required over an in fin ite  plane 
in order to correctly apply an aperture plane integration and hence 
derive the far f ie ld . In practice, for a wide variety of aperture 
antennas, probing at discrete points over the antenna aperture alone is
0*7
su fficien t for an accurate radiation pattern prediction .
For array antennas of weakly coupled, low d irectivity  elements, i t  is
possible to approximately model the test antenna by an array of
point-source elements. The element drive voltages are then those
measured by the probe antenna at the phase centre of the actual
elements. The elemental radiation pattern is  normally assumed either
42omni-directional or of cosine type . In this way, the radiative  
coupling as a function of geometry can, i f  somewhat approximately, be 
directly studied provided an element phase centre can be r e a lis t ic a lly  
defined.
In order for this type of probing to be successful, the probe must not 
sign ificantly  disturb the measured fie ld s . It  is  therefore essential 
that reflections from the probe and support structure are minimised. 
Furthermore, the probe must be in efficien t (e lec trica lly  sm all), so that 
the fie ld  is  e ffectiv e ly  sampled at a point. The development of such a 
probe is  discussed in 2 .1 .
From the measurements made, radiative power coupled from the feed line
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as a function of period geometry can be derived. Furthermore, the 
distribution of that power in terms of the radiated polarisations may, 
at least qualitatively , be found.
2.1 Near Field Probe Development
A small dipole is  a good candidate for a practical probe owing to its  
small effective  area. However, implementation of an effective  balun at 
microwave frequencies is  not obvious unless significant metalwork is  
present near the probe t ip . This is  undesirable as i t  w ill tend to 
increase the probe/test antenna interaction. One simple form of 
co-axial balun which might be suitable is  the quarter-wave choke (Figure 
2 .2 a ). This gives a 1:1 impedance transformation, and operates by 
inhibiting the large currents which would otherwise flow on the outer 
conductor i f  the dipole arms were simply connected to the co-axial lin e .
Using these principles, a 17 mm (A/4) dipole was constructed using 3.6mm 
diameter semi-rigid cable as the feed lin e . The choke was 5 mm in 
diameter. Unfortunately this probe did not give satisfactory resu lts , 
probably due to an inevitable assymmetry in the dipole arms introduced 
by the method of manufacture.
To overcome th is , an alternative form of balun was examined. Obviously, 
feeding the dipole arms directly with a balanced line is  possible. A 
balun remote from the probe tip  could be used and would not induce the 
assymmetry of the previous construction method. It  is  well known, 
however, that in practice twin wire feeders at microwave frequencies 
w ill radiate considerably, due both to their construction and the 
presence of supports and other non-uniformities. In order to ease these
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problems, it is possible to feed the dipole from a balanced line 
constructed of two lengths of semi-rigid (shielded) cable. This is 
achieved by connecting the dipole arms to the two inner conductors, the 
outers being soldered together (Figure 2.2b). The two cables were fed 
via a 3dB equal phase power divider. To achieve the required balanced 
line, the overall length of one cable was l80°of phase longer than the 
other. The complete probe system was matched to better than 1.25:1 
V.S.W.R. by control of the dipole arm length and an additional 3 stub 
transformer at the input.
Using this type of feed, the dipole probe is symmetrical and any
assymmetries in the feed line are well away from the test antenna face.
Furthermore, the shielded nature of the feed line permits it to be
curved if required, without inducing radiation. As far as is known,
this type of feed is novel and is the subject of a patent application by 
90this author
Using this design, two dipole probes were constructed of length 0.14 
and 0.5Aousing 2.1 mm and- 3*5 mm feed cable diameter respectively. Both 
these probes seemed satisfactory in use and gave consistent results.
The small dipole was expected to give the more accurate results, 
due to its small effective area. However, this requires many 
measurements over the aperture to achieve a good result. Use of the 
larger dipole will tend to average the field over a larger region, 
therefore requiring less points but is inherently less accurate. In 
practice, however, it was found that the larger dipole allows the 
simple point-source model to be used, giving very good agreement with 
the measured radiation pattern of microstrip arrays.
V e r i f ic a t io n  o f  th e  am p litu d e and phase data  measured by th e probe
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system is obviously essential, and was achieved by comparison of 
predicted and measured radiation patterns on a variety of different 
antennas. In order to achieve good accuracy prediction, the separation 
of the probe and antenna face must be accurately controlled and constant 
across the aperture. This was achieved in the microstrip antenna by use 
of a dielectric spacer mounted on the dipole arms. The thickness of 
this spacer was optimised empirically. Obviously, a small separation of 
probe and test antenna is desirable in order to effectively measure the 
single element properties. However, at very close separations the probe 
is in the evanescent field region of the antenna under test and is 
non-radiatively coupled. This can cause large errors in the field 
measurements. In practice it was found that a spacer of 5 mm produced 
good results.
Having developed the. probe system (Figure 2.3), it was used extensively 
in the investigations of the three array structures. Initially, 
however, simple loss measurements were made on a basic transmission 
line.
2.2 Loss Considerations and the Effect of Co-Axial Line Transitions
The material selected for the antennas was 1.5 mm thick "Flourglas"
laminate. This uses a glass-fibre reinforced P.T.F.E. substrate (e =r
2.52), and 1 oz copper cladding was chosen.
A uniform 50ft line was constructed from this material and terminated in 
standard edge mounted, flange-type S.M.A. transitions. The loss in both 
transitions and line was derived by measurement of the S 21 scattering 
parameter before and after the line length was reduced by a known 
amount. The loss per unit length and transition loss were found to be
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0.0018 dB/mm of line and 0.11 dB per transition. The line loss figures  
show good agreement with Wheeler’ s formula (Chapter 1 .3 ) , and those of 
the transition consistency with manufacturers' data. As these figures 
are based on total transmission lo ss , any radiation from the transition  
region is  included. To examine this phenomenon, radiation pattern 
measurement of this simple line structure was attempted. Results are 
shown for the <j> = 90 0 plane in Figure 2 .4 . It  is  apparent that 
radiation does occur from the transition regions, and is  polarisation  
se lectiv e . Radiation could only be measured in the polarisation  
parallel to the lin e . The radiation pattern shape is  consistent with 
that of two elementary dipole sources placed at the line ends, 
coincident with the transmission line axis. Radiation pattern 
measurement in other planes confirmed this simple model to be correct to 
a f ir s t  order of accuracy.
To quantify the proportion of power radiated by the transition region, 
integration of the radiation pattern is  required. Due to the very small 
levels of power involved the inherent measurement accuracy was 
insu fficient for accurate integration. Furthermore, the lack of 
availa b ility  of automatic measurement apparatus meant the integration  
had to be carried out manually, again causing significant errors. For 
these reasons, the radiation by the transitions could not be adequately 
quantified.
Q ualitatively, i t  is  clear that the transition radiation w ill  
sign ifican tly  effect the measurement of the radiation patterns of short 
arrays. However, in long, directive structures such effects w ill be 
sm all.
In an attempt to minimise transition radiation, the transitions were 
covered in suitable absorbent material. This altered somewhat the
38
characteristics of the radiation pattern, but did not significantly 
reduce the overall radiation. This is probably due to the discontinuity 
between the absorber edge and transmission line. In any event, this use 
of absorber did not appear a particularly promising technique, and hence 
was not further considered.
2.3 The Comb-Line
Using the techniques outlined above, a set of seven short comb-lines 
was constructed with stub widths in the range 0.25 ->25 nun. Stub 
separation was chosen according to normal travelling-wave theories to 
give a main beam pointing towards the load by some 15°.
Initially, transmission loss through the various antennas was measured. 
By assuming, for loss criteria, the stubs behave as short transmission 
lines of the same width, the total ohmic loss can be derived via 
Wheeler's formulae (Chapter 1.1). From this, the power radiated per 
stub as a function of width can be derived, assuming negligible 
generation of surface waves. This is shown in Figure 2.5(a).
All the combs are electrically short, and therefore inefficient, so that 
a high percentage of the available power is absorbed by the terminating 
load. Hence, the short equal-stub width arrays are nearly uniformly 
illuminated. This implies measurement of the relative peak co-polarised 
gain of the arrays gives a direct measure of the relative co-polarised 
power radiated. From this, the relative power coupling in this 
polarisation as a function of stub width can be derived. This is shown 
in Figure 2.5(c).
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It is also possible to (approximately) derive the relative power 
radiated by sequential measurement of the combs using the near-field 
probing technique. In this, the assumption is made that the near-field 
amplitude measured is simply proportional to the square root of the 
power radiated by the stub. The xprincipal polarisation is measured by 
suitable probe alignment. Due to the characteristics of the antenna 
near-field, the validity of the assumption must be open to doubt. 
Nonetheless, such a measurement was made and is shown in Figure 2.5(b).
Considering the results of these various techniques, as summarised in 
Figure 2.5, there are several interesting features apparent. Firstly, 
the aperture probe and far-field gain techniques closely agree - perhaps 
surprisingly, considering the approximations involved with the probing 
approach. These two techniques basically consider the power radiated 
into the co-polar polarisation, whereas the transmission loss 
measurements are concerned with total radiated power. Over the range of 
width 0.8 ->-7 mm, all the techniques give the same functional dependence 
(in dB) for relative radiated power. This implies the co- to
cross-polarised power ratio is a constant over this range. As the width 
increases, the curves diverge which is indicative of a larger fraction 
of the total power being radiated as cross-polarisation. The curves 
also indicate a slight increase at very small widths, although the
validity of the measurements at such low power levels remain in doubt.
This prediction of high cross-polarization levels in wide stub combs is
clearly borne-: out by the measured radiation patterns. Figure 2.6 shows
three such measurements in the = 90 ° (H) plane. It can be seen thatm
a peak cross-polarisation level of approximately -14 dBbi occurs for a
0.5 mm stub. Increasing the stub width to 6 mm does not significantly
alter the cross-polarisation levels. Further increases in the width, 
however, cause a large cross-polar lobe to be formed near end-fire,
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These results broadly agree with those predicted from Figure 2.5. 
However, qualitatively, a relatively constant cross-polarized power 
level appears to be measured, rather than the constant 
co/cross-polarised power ratio predicted. Comparison of Figures 2.4,
2.6 show, however, the cross-polarisation patterns of small widths to be 
dominated by transition radiation, which is, of course, a constant.
Co-polarised power radiated, and indeed the constant relationship between
polarisation components in the 0.8 -+7 mm region, can be determined from
knowledge of the total power radiated and the fraction in one of the
radiated polarisations. This later value requires a radiation pattern
integration which, as already noted, is not accurately achieved without
considerable effort and-sophisticated equipment (e.g. digital pattern
recording). However, an estimate can be made. The array of 2 mm wide
stubs was considered. The peak gain was measured via a substitution
technique and found to be 3.9 dBi. Due primarily to the calibration of
the gain standard (horn antenna), an overall accuracy of the order
approximately 0.25 dB must be expected. Radiation patterns taken at a
variety of other values of <j>m (Figure 2.1) indicated no high off-axis
co-polar lobes are radiated. It is noteworthy that such lobes would be
expected if only one end of the stub was radiating (c.f. slotted
20waveguide arrays, ). Furthermore, these measurements implied the 
pattern could be assumed to have a separable directional response, that 
is the required integrations can be essentially obtained by considering 
just the two orthogonal planes ‘-$m= 0 90°. Under this assumption,
a numerical integration of the simple plane patterns (performed by hand) 
indicates a total co-polar power of 0.0355W where W is the power
delivered to the antenna. By using a similar approach, the radiated 
cross-polarised power was found. This appeared to be roughly 0.25 the
which in  th e 16 mm c a se  rea ch es +1 d B i.
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co-polar power. Hence the total power coupling per stub is of the 
order -23.5 dB. This compares with a measured value of -21.7 dB. Clearly, 
this pattern integration technique is somewhat inaccurate, producing 
results of only roughly the right order. A considerable refinement in 
the data collection and processing is required before better results 
could be obtained. More detailed treatment of the transition radiation 
(known to contribute to the cross-polarisation radiation pattern) is 
also required. These areas are considered suitable for future study.
This experimental study indicated that at wide stub widths extremely
high cross-polarisation lobes can be found. The basic cross-polarised
radiation pattern features are consistent with a simple point source 
4qmodel . In this, the cross-polarised components are assumed to
emanate from a set of sources placed at the element phase centres. These
sources do not, however, have the alternate phase reversal achieved in
the co-polar case by reversing the direction of alternate stubs. Such
an empirical model does not, of course, give any physical insight into
the cause of the cross-polarisation. Nonetheless, it does imply that
the high cross-polarised radiation peak might be scanned out of visible
space by suitable spacing of the elements. This also results in the
co-polar peak being scanned towards the input rather than the load. Such a
91construction has been reported , although for different reasons, and 
appears to work to some degree. It is clear, however, that the current 
distribution in the stub elements for wide stub widths must be 
considerably different from that assumed in the simple T.E.M. model, 
which in no way predicts the presence of this potentially gross 
cross-polarisation effect.
70A recent theory of Hall and James , uses an equivalent waveguide 
approach to model the microstrip *T' junction. Results indicate high 
levels of higher order modes in the stub. Radiation pattern predictions
do show high end-fire cross polarised lobes, but at somewhat different 
levels than measured. This theory therefore represents a step forward 
from the basic T.E.M. approach for wide stub combs but is still in 
considerable error.
For thin stubs (where the high cross-polarisation effects are not 
apparent) it may be possible to draw some worthwhile comparisons with 
the simple theories. Figure 2.7 compares the measured results for power 
radiated with those derived from a theoretical model. In this model, it 
is assumed that each stub radiates as if it were two open circuits, one 
either end of the stub, with the ’T* junction end radiating one third 
the power of the open end. Agreement is fairly good, although the 
measured results indicate a somewhat higher value of radiated power than 
predicted. Surprisingly, comparison of the total power radiated for 
relatively wide stubs is also reasonable, although here, of course, 
large cross-polarisation effects occur. Also shown are the results for 
a single radiating end - it is clear these are in significant error 
at all stub widths.
With respect to end effect, agreement is again reasonable. This effect 
was studied by using a simple circuit model of a stub (Figure 2.8), and 
a network analysis approach to the array. Simple T.E.M. formulae were 
assumed for the propagation constants and attenuation in the lines.
Assuming the junction and end effects are relatively insensitive to 
frequency, the frequency dependence of the network can be studied. Due 
to the periodic loading of the feed line pass and stop bands are
observed. Experimentally, for the 2 mm stub comb-lines high transmission
is observed at approximately 4 5 GHz and low transmission at 5 <*- 6
GHz. By varying the stub length in the network analysis model, the 
correct stop band was obtained with a length of 26.8 rams. The actual 
length in the practical array was 27.6 mm, implying a total required end
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correction of 0.96 mms. It is noted, however, that it was not possible 
to accurately predict the measured pass and stop bands on the network 
analysis model - these figures represent a "best fit" result.
Using the results on end effect given in Chapter 1.3» it can be seen
that the end effect for a single open circuit is of the order 0.54 mms.
66Applying a quasi-static correction for the junction effect , an 
additional line shortening of 0.33 mm is apparent giving a total 
predicted shortening of 0.87 mms. This is of the order 10% different 
from that gained from the network analysis model. Such a difference is 
well within the bounds of experimental error, particularly as no * T1 
junction radiation effects have been considered. Using the same 
approach a stub width of 4 mms was considered and similar conclusions 
formed.
It is clear therefore, that simple theories of the comb-line can be used 
at microwave frequencies with care, but breakdown at wide stub widths as 
they are incapable of predicting the high levels of radiated 
cross-polarised power.
Measurement of the radiation pattern with frequency indicated a 
bandwidth of 10% may be achieved (from far-field gain and pattern shape 
considerations). Over this range the main beam pointing angle changes 
at a rate of approximately 7 ° per GHz. However, the boresight scan 
position gives high input V.S.W.R. and must be avoided.
2.4 The Patch Line
From the investigations of the comb-line, it is clear that in those 
structures high levels of cross-polarisation may occur. Therefore 
investigations of the patch-line antenna concentrated on this area of 
performance.
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The patch-line antenna, as shown in Figure 1.2(b), has a principal: plane
of polarisation parallel to the array axis. Initially an antenna of six
square patches, each of side 21.4 mm and separated by 23.3 mras was
constructed. The input impedance and total power transmitted to the
load, together with the radiation patterns were measured from 3*6 to 5
GHz. Over this range the meaured gain falls from approximately 10 dBi
to 6 dBi and the beam direction changes with frequency at 42
degrees/GHz, is towards the input at low frequencies, has a boresight
position at 4.13 GHz (with the expected loss of gain and high input
V.S.W.R.) and continues towards the load at higher frequencies. This
71type of behaviour is consistant with that expected from Derneryd
The E.-plane radiation pattern at the centre of the frequency band is  
shown in Figure 2 .9 . As with the short comb-line antennas, these test  
patch-line structures are, o f course, not sign ificantly  aperture tapered. 
Therefore, high sidelobes are anticipated. In fa c t , based on a simple 
point source model, the measured sidelobes are slig h tly  higher than 
expected. This may be due to phase error e ffects across the array, 
the inadequacy o f the simple model, and transition radiation. Of 
particular note, however, is  the low cross-polarisation in the <j^  = 90° 
plane, which contrasts with those measured for comb-line.
In order to taper a practical array, the patch width is varied. A
sequence of 6-patch linear arrays was constructed with patch width
varying from 12 to 76 mms. No attempt was made to change the length of 
the various patches to achieve resonance, but rather the frequency was 
chosen so that all the antennas presented a low input V.S.W.R. - in this 
case 3.65 GHz. The radiation patterns all showed low cross-polarised 
radiation in the <1^ = 90° plane. However, patterns at other values of ^
showed high values of cross-polarisation, with a "split beam" type of
shape in the H-plane, As an example of this the <j>m = 0° pattern is  shown
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in Figure 2.10 (a) for a 25 mm patch. Here, the main beam region is 
being intercepted tnrough its peak and a very high cross-polarisation 
response is seen. Other patch widths are also shown in Figures 2.10 (b) 
and (c). In fact, only the smallest patch (12 mm) does not suffer from 
high off-axis cross-polarisation.
71The simple theory of Derneryd explains only the eo-polar
radiation characteristic with an equivalent circuit proposed for the patch. 
This is simply a low impedance transmission line loaded at each end by a 
radiation resistor and capacitor (see Chapter 1). This type of model 
was applied to the 12 mm wide patch antenna again allowing a network 
analysis approach for the array. Using T.E.M. formulae for loss, Table
2.1 compares measured and calculated power budget of the array. It can 
be seen that reasonable, though by no means exact, agreement is seen. 
However, calculations of the pass-stop bands could not be accurately 
achieved with this model (c.f. comb-line, Chapter 2.3)•
In order to understand the presence of the high cross-polar lobes, a
more precise theory is needed. For a single patch, James, Hall and Wood 
44 give expressions for the E Q , E ^  far-field components derived from 
an equivalent waveguide theory (Chapter 1.3). Assuming a single (lowest 
order) mode these are:
E q = -A. sin<f> cost})
k2 sin 2<i> sin20 k2 cos sin20 -  (Tr2/b 2) o o
E - = A. cos0
k2 sin20 k2 cqs2<{> sin20 - (Tr2/b2)o o
44A is  a function of 0 given in . b is  the patch width.
These formulae must be transformed as discussed in 
Appendix 8 to be readily compared with measured data. This model 
was used as an element pattern in a simple array model. Results are
46
shown in Figure 2 .1 1 , compared to measured data in the ^  = 0 ° plane.
The correct type of performance is demonstrated, but the 
cross-polarisation levels are sign ificantly  lower than the measured 
results indicate. It  is  clear that while the use of f ir s t  order 
theories to the patch-line is  limited to narrow patches, the 
more sophisticated theory is  useful in giving basic design data for the 
radiation pattern o f wide patches although significant discrepancies are 
s t i l l  apparent. It  is  interesting to note, however, that i f  a planar 
array were being considered, the wide angle cross-polarisation would be 
partially  suppressed by the array factor. For linear arrays, however, 
i t  appears that the presence of wide-angle, o ff -a x is , cross-polarisation  
lobes makes this type of structure unattractive.
2.5 The Snake Line
In order to examine the p o ssib ilitie s  of the continuous-line radiator as 
a candidate for good radiation pattern control, the sinusoidally  
modulated snake-line was examined. In it ia lly , three examples of this  
line were constructed, each having the same distance between the input 
and terminating load, with ripple amplitudes of 5 , 10 and 20 mms.
The ohmic losses in the lines were calculated from the track length for 
the complete structure. The radiated power was deduced via transmission 
loss measurements and is  summarised in Figure 2 ,12 ,
Obviously, the long line length in this type of structure w ill give a 
relatively  high frequency dependence of the main beam pointing angle. 
This was confirmed by measurement and gave scanning rates of 21.3> 23.8  
and 50 degrees/GHz for the 50, 10 and 20 mm amplitude snake-lines
respectively.
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It is the area of radiation pattern purity which is of prime concern,
however. Figures 2.13 a,b show the <i> = 90 ° plane radiation pattern.m
The principal polarisation is perpendicular to the array axis. The 
cross-polarisation pattern is seen to be essentially of a high level 
ripple. This in itself might be acceptable. However, the off-axis
cuts, for example d> = 0 °, again show unacceptable high levels ofm
cross-polarisation (Figure 2.13 c).
One advantage of the snake-line is the operating bandwidth. In terms of
input V.S.W.R., the 10 mm snake-line is compared with a typical
patch-line antenna (Figure 2.14), An operating bandwidth of some 4056 is
apparent, compared to 1056 for the patch-line. Furthermore, the
transmission loss characteristics remain fairly constant over the same
bandwidth (Figure 2.14 (b)), indicating relatively constant radiated
power. However, it is radiation pattern control which is of interest.
Figures 2.15 a,b illustrate this with 4> = 90 0 radiation patterns at themfrequency band edges.
The off-axis cross-polarisation characteristics of these types of 
antenna do not appear to have been fully reported in the literature. As 
is shown in a later chapter of this thesis (Chapter 5), for moderate 
amplitude values, the current distribution assumes a relatively simple 
form, and hence a fairly simple theory may be applicable with some 
success.
2.6 Summary
The experimental investigation has centered on the examination of three 
basic types of travelling-wave array from the radiation pattern 
viewpoint. This has involved the development of an unusual probe 
antenna, which has been successfully used. Initial examination of the
46
comb-line indicates a high level of cross-polarisation may be radiated. 
It  is  this area of polarisation purity that was particularly  
investigated for the other two types of antenna. The conclusion is  
essentially  that simple theories can be applied to a l l  three types of 
structures at low radiation coupling values at least away from the band 
edges. However, in a tapered array environment, a reasonable range of 
radiated power coupling is  required, achieved by changes in the periodic 
geometry ; under these circumstances a ll  three geometries have severe 
polarisation degradations.
In the comb-line, high cross-polarisation occurs in the plane of the
array ( <J>m= 90 °) although this performance is no worse in the o ff-a x is
planes. This behaviour is  alien to the standard dominant-mode T.E.M.
theories often quoted in the literature. The relatively  complex
70equivalent waveguide approach does give some first-ord er agreement 
for these wide stubs but is  s t i l l  in considerable error.
Patch-line antennas have their major problems in the generation o f high 
level o ff-a x is  cross-polarisation lobes. Using the equivalent waveguide 
theory of a single patch to predict the element pattern together with 
the relevant array factor, a moderately complex model is  generated which 
might be expected to give moderate accuracy prediction. Significant 
differences with measurement s t i l l  occur, however. In the narrow patch 
cases, i t  has also proved d iffic u lt  to apply a simple theory to predict 
the pass and stop bands, indicating complex behaviour.
The snake-line has relatively  poor cross-polarisation performance at a l l  
coupling values. For large values of radiation, however, high o ff-a x is  
lobes are produced, which are not clearly apparent from the literatu re .
All three types have different characteristics, and the choice of
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structure w ill depend on the application. Furthermore, these 
experiments represent a small sample of the in fin ite  number of possible  
travelling-wave structures. Theffe is  sufficien t evidence to draw the 
broad conclusion that simple theories cannot be relied on for good 
design data without careful experimental verification . Even fa ir ly  
complex theories, which are specialised to particular structures, give 
inaccurate radiation pattern prediction, although they can generate the 
basic features to first-ord er accuracy.
It  is  also noted that these structures have been examined in conditions 
which should not generate high surface wave levels (Chapter 1). Higher 
frequency use may well produce even more complex e ffe c ts .
The theories available in the literature therefore appear inadequate in 
many cases and certainly incapable of examining the general 
travelling-wave array problem. It  is  the development of a more 
generalised theoretical approach, and its  verification , with which the 
remainder of this thesis is  concerned.
Measured Equivalent Circuit
Input Return Loss 10.5 dB 13.7 dB
End Load Power 
Input Power 65 per cent 75 per cent
Radiated Power 
Input Power 20 per cent
Power to Line Loss 
Input.Power
35 per cent
5 per cent
TABLE 2,1 Patch Array of 12 mms. width at 3 .6 5 ‘GHz
F I G . 2 1 C o - o r d i n a t e  S y s t e m  (c.f. appendix 8  )
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Dipole a r m s
(a)
S e m i  rigid cable
To coaxial output 
C h o k e d  dipole p r o b e
(b)
I m p r o v e d  p r obe s t r u c t u r e
- 3 d B c o u p l e r  •— ‘ Coaxial connector
Semi-riqid cab l e s  of 
u n e q u a l  length to ensure 180 
p h a s e  difference b e t w e e n  dipole
a r m s .
FIG. 2 - 2  Near Field Probes
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FIG. 2 - 3  Apparatus for aperture probing technique
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s t u b  wi d t h ( m m )
FIG. 2 - 5  Relative Radiated- P o w e r  versus 
stub  width
(a )  transmission loss
( b ) « ° o  probe m e a s u r e m e n t
( c  )-----  relative garn
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co polar 
cross polar
Stub width a) 0*5 m m
b)8 m m
c)16 m m
FIG. 2 - 6  Radiation patterns of equal s t u b  width 
c o m b  line antennas
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FIG. 2 - 9  Patch Line Radiation Pattern 0  = 9 0 °m
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FIG. 2- 10a 2 5 m m  Patch Lino Radiation 
Pattern
/  =0° , Gain = 6 - 8 d B i  
m
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FIG. 2 - 1 0 b 6 2 m m  Patch Line Radiation 
Pattern
jZf =0°, Gain = 9-7dBi m
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FIG 2 12 M e a s u r e d  P o w e r  Radiated from 
S n a k e  Line
S3
FIG 2*13a Radiation Patterrr 5 m m  S n a k e  Line
0  = 9 0 °  mti
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FIG 2-13b Raclration Pattern 1 0 m m -  S n a k e  Line
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Previous chapters have examined the practical and theoretical problems
encountered with microstrip array antennas. It  is  clear that the
radiation properties, particularly that of polarisation purity, are
complex phenomena. Simple analyses are thereforef not surprisingly,
inadequate in many cases. More complex approaches becoming available
are specialised to particular structures and s t i l l  of limited accuracy
in radiation pattern prediction. A theoretical approach to the
microstrip array analysis which is  capable of accurately predicting the
radiation patterns from, an arbitary array structure with generalised
substrate and frequency parameters is  clearly desirable, and is attempted 
in this Chapter.
Such a theory would need to include mutual coupling, surface wave and 
frequency dispersion (hybrid mode) e ffe c ts . This in turn suggests a 
full-wave type of analysis is  necessary. From the arguments of Chapter 
1, a complete consideration of the ohmic loss properties is  lik e ly  to be 
extremely complex, hence the low losses approximation w ill be used. In 
th is , i t  is in it ia lly  assumed no ohmic losses occur -  that is  perfect 
d ielectrics and conductors. From th is , the current distribution over 
the upper conductor is  computed. A bulk correction for loss is  then 
applied, calculated in this case via Wheeler's formula.
Consider a linear microstrip travelling-wave array antenna. In practice 
arrays giving high d irectiv ity  (and hence large apertures) are normally 
required. It  is clear from the foregoing chapters that each period of 
the structure w ill normally be an in effic ien t radiator. These two facts  
imply that the change in periodic geometry across the array (necessary 
for aperture fie ld  tapering) w ill be gradual. Furthermore, the mutual 
coupling effects w ill be dominated by neighbouring elements. In turn, 
this implies edge e ffects are lik ely  to be small.
CHAPTER 3 A NEW ANALYSIS OF MICROSTRIP TRAVELLING-WAVE ARRAY ANTENNAS
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In this, it is assumed each period of the array behaves as if it were in
an infinite array of identical periods. This approximation considerably
simplifies the calculation of the mutual coupling properties, as is
discussed in Chapter 3*1. For further justification, an analogy is
drawn between the microstrip travelling-wave array and the well known
slotted waveguide array. This latter antenna, also a travelling-wave
structure, has been the subject of extensive practical and experimental 
92 93investigation ' . The infinite array approximation has been used
94giving highly accurate results . A related structure, that of
the evanescent mode waveguide arrays, has also been examined using this
95 96technique . Other examples include open-ended waveguide arrays
97and long helical antennas . It is believed, however, that this is 
the first application of the approach to the problems of raicrostrip 
array antenna analysis.
Under the infinite array approximation, the problem resolves into 
essentially studying a single period of the structure, termed a "unit 
cell", with a periodic boundary condition allowing the presence of other 
elements. In essence, the fields in the various media of the infinite 
array are derived under an arbitary directed, periodic unit current 
source condition. This is achieved via solving the Helmholtz wave 
equation with the periodic boundary condition of the infinite array and 
the relevant boundary conditions at the interfaces. This is then the 
Greens Function for a periodic microstrip antenna. Green’s Functions 
are of fundamental importance in many electro-magnetic analyses and are 
discussed in Chapter 3*2, where the approach outlined above is examined 
in more detail. Having derived the Green's Function for the structure, 
integration of this over the actual current distribution in one unit cell 
yields the fields excited by the infinite microstrip structure.
These p r o p e r t ie s  su g g e st an i n f i n i t e  a rra y  approxim ation  i s  a p p r o p r ia te .
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Unfortunately, this current distribution is unknown. However, by 
applying the boundary conditions on the conductor surface, a series  
approximation for this distribution is found via the Method of Moments. 
The application of th is technique is discussed in Chapter 3*3.
Once the current density distribution has been found, the infinite array 
can be simply truncated to a finite structure of now known current 
distribution. Indeed, the effects of period to period geometry changes 
can be found and hence a tapered array modelled. A finite 
(non-periodic) Green's Function is then developed and, via integration 
of the current distribution and a suitable model for the loss, the 
required radiation pattern found (Chapter 4).
By this combination of techniques, in principle an arbitary periodic 
microstrip antenna geometry can be analysed. In practice, the solution 
is somewhat numerically intensive. This has important ramifications 
when considering the types of structure which can be practically 
analysed (Chapters 3.3, 5, 6).
The concept of an in fin ite  travelling-wave array presents some 
d iffic u lt ie s  as there obviously exists radiation loss along the 
structure. As w ill be demonstrated la te r , e ffectively  a matrix equation 
is  developed for the series solution to the current distribution over 
one period. I f  the determinant of this matrix is  non-zero, then the 
solution is the tr iv ia l one of zero coefficients in the current 
distribution expansion -  that is  no current flow. For zero determinant, 
however, a solution can be found. In e ffe c t , this states that i f  a 
current exists on the conductor geometry, then i t  must be disposed in a 
certain distribution which is calculable and is  unique for any 
particular geometry. No exp licit statement is made regarding the source 
of the current, however. In practice, the source contribution to
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radiation in a long travelling-wave array will be small and in the 
array model is assumed negligible.
The analysis and numerical implementations using this approach are 
developed in the following Chapters. It is also noted that the approach 
may be used for an array of discrete, parallel fed, radiators. However, 
in that case a suitable source model must be used. This application 
lies outside the bounds covered by this thesis.
3.1 The Infinite Array Approximation
Consider the infinite structure shown in Figure 3.1. This is periodic
in the z-direction only with both ground plane and board extending to
infinity in the y-direction. The solution to the wave function under
these conditions can be found via Floquet's theorem. This is, in fact,
a generalisation of a theorem for ordinary differential equations due to 
98Floquet . It is interesting to note that application of this theory 
to Schrodinger's equation gives rise to Bloch waves and is hence 
fundamental to the band theory of solids. In this application however, 
consider the E and H fields in the periodic environment. Then if 
iptx,y,z) represents the solution of any E, H field component in the 
Cartesian system of Figure 3.1, Floquet's theorem states:
k  Li{> (x,y,z + L ) = e J 20 s tf»(x,y,z) s
where k zq is a propagation constant in the z-direction and is in
general complex. L is the periodicity.s
Thus, the fields at any position x,y,z in the structure are exactly the 
same one period later, except for the complex function e_3 z^o*“s.
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In general terms, the imaginary part of k accounts for losses 
(including radiation) in the structure whereas the real part is 
essentially a phase-shifting term along the array.
If the scalar Helmholtz equation is considered for the Cartesian
components of E,H, in the normal manner, an elementary wave solution can
99be formulated via a separation of variables technique . A general 
solution is found from a linear combination of the allowable elementary 
wave solutions. In the y-direction of Figure 3.1, no periodicity is 
present and the general solution is essentially an integral of the
elemental solutions over the y-directed wave number k . In they
z-direction, however, the application of Floquet's theorem shows the 
general solution to be a Fourier series 101.
From the separation of variables technique, only two of the three
Cartesian co-ordinate wave numbers are independent, hence only
combinations in k and k need be considered. In this way, they zn J 1
periodic boundary condition can be seen to confine the solution in the 
direction of periodicity to a discrete set of spatial modes or harmonics 
sometimes termed Floquet modes.
If a magnetic vector potential is defined in the usual way by 
B = v - A •_
with B the magnetic induction vector and V the del operator, then from
99 100basic electro-magnetic theory 9 , A is a two component vector if
all six E,H field components are to be represented. Therefore, let
A = A y + A z — y - z-
with £,z being unit vectors in the y,z directions. Now, the scalar
99coefficients A ^  A z must satisfy the scalar Helmholtz equation and 
hence, following the principles of Floquet’s theorem a general solution 
would be:
73
A. = I i n=-< f* CKy) e±JkxnxM V ‘RZnz dKy
i  = y ,z
subject to:
, 2 , 2  , 2  , 2  k = k + k + kxn y zn
and k = k + 2irn zn zo - ■ ■ ■
s
with i designating either the y or z component and k the wavenumber in 
any particular medium.
The Floquet mode expansion is then a set of harmonic wave components in
the direction of periodicity. For 0, these are positively directed,
whereas for negative values of n, Re (k ) may be negative which iszn
then a negative phase velocity. The boundary conditions of any
particular geometry, which are related to E, H fields, are then
satisfied by the total sum of all the harmonics. Moreover, each
harmonic carries real power along the structure. However, the harmonics
101are not axially power orthogonal - that is the total power crossing the 
x-y plane is not the sum of the individual harmonic axial powers* The
properties of the individual harmonies can be illustrated via the
101Brillouin Diagram. This is-comprehensively discussed by Hessel and
102Elachi , but is not explictly considered in this context. As the 
Floquet mode solution is essentially a Fourier series, it might be 
expected that jf n (ky) | reduces as n « and hence in practice the 
series may be truncated.
The formal proof of the Floquet theorem is somewhat complex, but given 
103in reference . In essence, however, application of Floquet's
theory precisely allows for the translational symmetry of an infinite
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linear array - therefore consideration of a single period (the "unit 
cell") with this type of field expansion implies the presence of a
periodic structure, hence allowing for the effect of the other periods 
in the infinite array.
The Floquet mode field expansion technique therefore greatly reduces the 
complexity of the general array problem by use of a periodic structure 
boundary condition.
3.2 The Green's Function of the Microstrip Periodic Array
Chapter 3.1 has expounded the principles of the infinite array
approximation. It is clear that, provided the correct form of the 
general field solution is used, the array problem can be confined to
consideration of a single unit cell.
In order to proceed, the Green's Function in this environment must be 
developed. Before embarking on this, however, a brief outline of the 
general principle of the Green's Function is given and its application.
In essence, a Green's Function is the solution to a given differential 
equation together with relevant boundary conditions and a source
function of unit strength localised to a point. In fact Green's 
Functions - so called due to their usage of the identities developed by 
George Green in 1828 - are relevant to many areas of engineering 
mathematics. In keeping with common parlance in electro-magnetics, 
however, the term will be used here specifically to mean the field at 
some point x,y,z due to a unity source at point (x ^  y Q , z^  ). This 
is therefore a solution to the Helmholtz wave equation under the correct 
boundary conditions for the problem and a unit source function.
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T h is  so u rce  can be w r i t t e n  as a p ro d u c t o f  D ira c  d e l ta  fu n c t io n s .  Thus,
a u n i t  s o u rc e  c o n fin e d  to  th e  p o in t  (x  , y Q , z q ) ,  d ir e c te d  a lo n g
th e  y - a x is ,  may be w r i t t e n  a s :
J = J y i  = <5(x -  x q  ) <s(y -  y Q ) 6 (z  -  z Q ) £
w here th e  6 fu n c t io n  i s  d e f in e d  in  th e  norm al way by
6 (q )  = 0  q /  0
A
6 (q )d q  = 1 
-A
w ith  A a v a n is h in g  s m a ll in c re m e n t i n  q .
Hence th e  G re e n 's  F u n c t io n ,  G ( x , y , z  : x , y , z ) f o r  a u n i t—  o o o
y - d i r e c te d  s o u rc e  i s  a s o lu t io n  to  th e  e q u a tio n
V2 A + k 2 A = 6 (x  -  x o ) < 5 ( y - y o ) S U  ~ Z o ) £
s u b je c t  to  any r e le v a n t  boundary  c o n d i t io n s .  In  an ana lo g o u s  w ay, th e  
G re e n 's  F u n c tio n  f o r  a g e n e ra l is e d  a r b i t a r y  d ir e c te d  s o u rce  can be 
fo r m u la te d .
The im p o rta n c e  o f  th e  G re e n ’ s F u n c tio n  can be a p p re c ia te d  by r e a l i s in g  
t h a t  g iv e n  G, th e  f i e l d s  due to  a g e n e ra l c u r r e n t  d i s t r i b u t i o n  J. = J x *
A A
+ J y Z  + d z —  can be o l:)ta in  v ia  s u p e r p o s i t io n ,  p ro v id e d  th e  r u le  i s
obse rved  t h a t  th e  x-com ponen t o f  th e  c u r r e n t , J x , i s  a s s o c ia te d  w i th
th e  u n i t  v e c to r  x in  th e  G re e n 's  F u n c tio n  and s im i l a r l y  w i th  J and 
90
. I t  i s  t h i s  r u le  w h ich  has le d  to  th e  deve lopm ent o f  th e  d y a d ic  
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G re e n 's  F u n c tio n  . In  t h i s  t e x t ,  how ever, th e  p ro b le m  I s  t r e a te d  in  
te rm s o f  th e  C a r te s ia n  com ponents o f  th e  c u r r e n t  d i s t r i b u t i o n  w ith o u t  
e x p l i c i t l y  d e r iv in g  th e  d y a d ic  G re e n 's  F u n c t io n .
G iven  th e  i n f i n i t e  a r r a y  a p p ro x im a t io n ,  th e  G re e n 's  F u n c t io n  f o r  a 
p e r io d ic  s t r u c tu r e  can be d e v e lo p e d . I n te g r a t io n  o f  t h i s  fu n c t io n  o v e r 
a s in g le  u n i t  c e l l  g iv e s  th e  r e q u ire d  r e s u l t ,  th e  p re se n ce  o f  th e  o th e r  
e le m e n ts  b e in g  in c lu d e d  v ia  th e  F lo q u e t mode fo r m u la t io n .
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I n i t i a l l y ,  t h e r e fo r e ,  c o n s id e r  th e  (assumed i n f i n i t e )  m ic r o s t r ip  a r ra y
o f  F ig u re  3 « 1• A c o m b - lin e  i s  shown f o r  i l l u s t r a t i v e  p u rp o s e s , a lth o u g h
any p e r io d ic  geom etry  can be assumed. A u n i t  c u r r e n t  s o u rc e  c o n f in e d  to
a p la n e  p a r a l l e l  t o  th e  y - z  p la n e  and o th e rw is e  a r b i t a r i l y  d ir e c te d  is
p la ce d  in  th e  u n i t  c e l l .  F o r l a t e r  c o n v e n ie n c e , and fo l lo w in g  C o l l i n 's
32
one d im e n s io n a l exam ple , th e  c u r r e n t  so u rc e  i s  p la c e d  above th e  
d i e l e c t r i c  s la b  a t  x = h . The d i e l e c t r i c  in te r fa c e  i s  th a n  a t  x = 0 and 
th e  ( p e r fe c t )  g round  p la n e  a t  x = - t .  I t  i s  assumed th e  ground  p la n e  
and d i e l e c t r i c  s la b  e x te n d  to  i n f i n i t y  in  th e  p la n e  o f  th e  a n te n n a .
C o n s id e r , th e n ,  th e  th r e e  re g io n s  o f  F ig u re  3 . 1 ( c ) .  T h ro u g h o u t th e  
a n a ly s is  th e  s u f f i x  ' t '  re p re s e n ts  th e  d i e l e c t r i c  r e g io n ,  * h ' th e  
in te r m e d ia te  re g io n  and ' s '  th e  f r e e  space re g io n .  An ha rm on ic  t im e  
dependance o f  e d w b is  assum ed.
i )  The d i e l e c t r i c  r e g io n  -  t  < x  < 0
The e le m e n ta ry  wave fu n c t io n s  m ust now s a t i s f y  th e  boundary  c o n d it io n  a t  
th e  ground p la n e  (x=  - t )  
x * E = 0  
assum ing a p e r fe c t  c o n d u c to r .
Hence, a g e n e ra l s o lu t io n  o f  th e  H e lm h o ltz  e q u a tio n  in  t h i s  re g io n  i s
00
3.1
y
? ]b (k ) sin(8 x+t) e n=-oo n y n
CO
Z y 3.2
—oo
where a (k  ) i s  th e  a m p litu d e  c o - e f f i c i e n t  o f  A in  th e  d i e l e c t r i cy y
re g io n
b n (k  ) i s  th e  a m p litu d e  c o e f f i c ie n t  o f  A z in  th e  d i e l e c t r i c  re g io n
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A ^ ,  A z a re  th e  m a g n e tic  v e c to r  p o t e n t ia l  c o e f f ic ie n t s  in  th e
t  t  A t  A d i e l e c t r i c  re g io n  so t h a t  A = A y + A z—  y *■ z —
is the x-directed wave number in the dielectric region
A ls o
52 = k2e -  k2 -  k2 . . .  3.3
n o r  y zn
w here e i s  th e  d i e l e c t r i c  c o n s ta n t ( r e la t i v e  p e r m i t i v i t y )
k th e  f r e e  space wave num ber, o
The s in e  fu n c t io n  in  x can be seen as e s s e n t ia l ly  a s ta n d in g  wave 
s o lu t io n  in  t h i s  d i r e c t io n  due to  th e  p e r fe c t  g round p la n e  a t  x = - t .
i i )  The in t e r m e d ia t e  r e g io n  0 £ x
The d i e l e c t r i c  in t e r f a c e  w i l l  o n ly  y ie ld  p a r t i a l  r e f l e c t i o n ,  hence in  
t h i s  re g io n  b o th  + x - d ir e c te d  waves can e x is t .  T h e re fo re ,
h 00
A n « Ey n = -00 {c^C kyJe  3VnX + c M k y ) e ^ v nX } e 3 ky y d ^zn Z dky . . .  3.4
. . .  3 . 5Ab -  nI _ „  j { e n U y ) e - J V  ♦  gn (Ky )e J V  } 6- i y - * Znz  d k ;
w here v i s  th e  x -  d ir e c te d  wave number n
and v 2 = k -  k2 -  k2 . . .  3.6
n o y zn
i i i )  The f r e e - s p a c e  r e g io n  h $ x  $ »
In  t h i s  re g io n  o n ly  th e  o u tw a rd  x - d i r e c te d  wave need be c o n s id e re d  ( i . e .  
r a d ia t io n )  as th e  re g io n  e x te r n a l  to  th e  antenna  i s  assumed f r e e  fro m  
o b s ta c le s  e t c .  ( f r e e  s p a c e ) .  Hence
°?c 00
A = £y n=-°° 1 Ck ) e ' ^ n X" h" j V ~ jR 2nz dk . . .  3 .7n y J y
I t  i s  em phasised t h a t  e q u a tio n s  3.1  -  3 .8  in c lu d e  th e  p e r io d ic  boundary  
c o n d it io n  o f  F lo q u e t 's  th e o re m , hence a re  re le v a n t  to  th e  i n f i n i t e  a r r a y  
s o lu t io n .
H aving  found  th e s e  e x p re s s io n s  f o r  A ^  , A 2 , th e  boundary  c o n d it io n s  
a t  th e  in te r fa c e s  between th e  re g io n s  m ust be a p p l ie d .
T h is  has been c a r r ie d  o u t e x p l i c i t l y  in  A ppend ix  I ,  and e s s e n t ia l ly
a llo w s  r e la t io n s h ip s  between th e  v a r io u s  k -d e p e n d e n t fu n c t io n s  a n ,
b , e . g , 1  and m to  be d e r iv e d . n 9 nr & n 1 n n
I t  now rem a ins  to  r e la t e  th e  f i e l d s  to  th e  a r b i t a r y  d ir e c te d  u n i t  
s o u rc e . The d e ta i le d  m a th e m a tics  a re  a g a in  g iv e n  in  A ppend ix  I .  In  
essence th e  so u rce  c o n d i t io n  in  th e  u n i t  c e l l  can be w r i t t e n
A A ,
J = ( J y X  + j 2 £ )  <5(x -  h ) <$(y - y ) <5(z  -  z ) . . .  3.9
where J , J a re  s c a la r  c o - e f f i c ie n t s  and <5 ( f ) i s  th e  D ira c  d e l ta  
y 9 z
1 1
f u n c t io n .  Thus th e  so u rce  i s  c o n fin e d  to  th e  p o s i t io n  ( h ,  y , z ) 
(F ig u re  3 « 1 b ).
The n o rm a l H e lm h o ltz  wave e q u a t io n ,
V 2 A + k 2 A = -  V J— — o —
i s  expanded in  C a r te s ia n  component fo rm . By m aking use o f  th e  p e r io d ic
s ,h
n a tu re  o f  th e  k 2-dependence o f  th e  A 7 fu n c t io n s  and th e  F o u r ie r
I n t e g r a l  n a tu re  o f  th e  k -depend ence , r e la t io n s  between c , d ,
y  n n
l rt and J „  and between e „  , g , m and J „  can be fo u n d . C om bin ing n y n 7 °  n 7 n z
th e s e  e q u a tio n s  w i th  th o s e  o f  th e  boundary  f i e l d  m a tc h in g  p ro c e ss  g iv e s
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a s e t  o f  s im u lta n e o u s  e q u a t io n s .  The d y a d ic  G re e n 's  F u n c t io n  o f  an 
i n f i n i t e  a r r a y  o f  a r b i t a r i l y  d ir e c te d  u n i t  so u rce s  c o u ld  th e n  be 
e x p l i c i t l y  d e r iv e d .  T h is  s te p  has n o t been u n d e rta k e n , how ever, 
p r e f e r r in g  to  m a in ta in  th e  y ,z  d ir e c te d  G re e n 's  F u n c t io n  in  com ponent 
fo rm . F or n o rm a l m ic r o s t r ip ,  th e  l i m i t  h •+ 0 can then, be ta k e n .
The f i e l d s  due to  a co m p le te  c u r r e n t  d i s t r i b u t i o n  can now be fo u n d  v ia  a
s u p e r p o s i t io n  in t e g r a l .  When d o in g  t h i s ,  i t  i s  assumed th e  a c tu a l
c o n d u c to r i s  i n f i n i t e l y  t h i n .  T h is  i s  a v a l id  a p p ro x im a tio n  so lo n g  as
a p e r fe c t  c o n d u c to r i s  assum ed. I f  a t r u e  lo s s  c a lc u la t io n  were to  be
31c o n s id e re d , th e  th ic k n e s s  o f  th e  s t r i p  p la y s  an im p o r ta n t  r o le  . T h is  
i s  r e f le c te d  in  th e  a c c u ra c y  re q u ire d  f o r  th e  c a lc u la te d  c u r r e n t  
d i s t r i b u t i o n .  Under th e  lo w - lo s s  a p p ro x im a tio n  used h e re , how eve r, th e  
e f f e c t  o f  f i n i t e  s t r i p  th ic k n e s s  can be s a fe ly  ig n o re d .
I t  i s  c o n v e n ie n t to  th e n  d e f in e
2ttL v s n
I
y
and
I  = - J,1o
z  2irL v s  n
, r 1 1 j k  z 1 + j k  y 1 . 1 . 1J y ( y  , z  ) e J zn  J y J dy dz
s t r i p
1 1 % _ j k __ z + j k  y ' _,..1J z (y , z  ) e J zn T  dy dz
s t r i p
3 .1 0
where th e  p rim e  d eno te s  a p o in t  on th e  upper c o n d u c tin g  s t r i p .  The 
s t r i p  h e re , o f  c o u rs e , r e la te s  to  th e  c o n d u c to r geom etry  i n  a s in g le  
u n i t  c e l l , as th e  p re se n ce  o f  th e  o th e r  ( i n f i n i t e  num ber) o f  c e l l s  i s  
im p lie d  by th e  F lo q u e t mode f i e l d  e x p a n s io n .
By in t e g r a t io n  and m a n ip u la t io n  o f  th e  s im u lta n e o u s  e q u a t io n s ,  th e  f i e l d  
c o e f f ic ie n t s  in  th e  e x te r n a l r e g io n ,  1 r , m n , can be r e la te d  d i r e c t l y  
to  th e  q u a n t i t ie s  I  , I  . T h is  g iv e sy
w ith  P a fu n c t io n  o f  v , B , e , k , k
n n n r  y zn
(Appendix I).
These e q u a tio n s  a re  in t e r e s t in g  in  t h a t  th e  h y b r id  mode n a tu re  o f  th e
f i e l d s  /  1 i s  c le a r ly  d e m o n s tra te d . T h is  can be seen by r e c a l l i n g  
s s
, A ? a re  in t e g r a ls  o f  th e  fu n c t io n s  o f  1 ^  and m n r e s p e c t iv e ly .
The p resence  o f  n o n - u n i ty  d i e l e c t r i c  c o n s ta n t causes 1 n to  be a 
f u n c t io n  o f  b o th  I  „  and I  _. Hence b o th  c u r r e n t  com ponents c o n t r ib u tey z
t o  1 , and s im i l a r l y  to  m . I f  = 1, how eve r, t h i s  c o u p lin g
does n o t o c c u r and th e  p rob lem  can be fo rm u la te d  in  te rm s o f  s im p le  mode 
s e ts .
I t  i s  c le a r  t h a t  th e  q u a n t i t ie s  1 ^  , m ^ have now been r e la te d  to  th e  
two d im e n s io n a l c u r r e n t  d i s t r i b u t i o n .  The fre e -s p a c e  v e c to r  p o t e n t ia l
com ponents, and hence th e  f i e l d s  in  th e  a x t e r io r  r e g io n ,  a re  th e r e fo r e
• t i lknown g iv e n  th e  c u r r e n t  d i s t r i b u t i o n  and th e  z e ro  o rd e r  F lo q u e t
mode number k I t  i s  th e  c a lc u la t io n  o f  th e s e  p a ra m e te rs  w h ich  i szo
a c h ie v e d  v ia  th e  Method o f  Mom ents, d e s c r ib e d  in  C h a p te r 3 .3 .
3 -3  The Moment M e th o d  and  i t s  A p p l i c a t i o n  t o  th e  C u r r e n t  D i s t r i b u t i o n  
C a lc u la t io n
The moment method i s  a te c h n iq u e  f o r  f in d in g  s o lu t io n s  to  e q u a tio n s  o f  
th e  fo rm
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L (s )  = q o .°  3*12
w here L i s  a l in e a r  o p e r a to r ,  i d e n t i f i e d  to g e th e r  w i th  i t s  dom ain , and
q known. The method has been w id e ly  used in  e le c tro -m a g n e t ic s  and 
104o th e r  a re a s  . The d e ta i le d  m a th e m a tics  a re  c o n s id e re d  in  re fe re n c e s
104, 105, 106 and hence a re  oni y  g iv e n  in  summary fo rm  h e re .
In  p r in c ip le ,  th e  unknown fu n c t io n  s i s  expanded as a s e r ie s  o f  known
fu n c t io n s ,  s in  th e  dom ain o f  L .  Hence 
7 n
s = E a „ s . . . 3 * 1 3
N n n
w ith  a a s e t  o f  unknown c o e f f ic ie n t s  and s known as b a s is  o r
n n
e xp a n s io n  fu n c t io n s .  I f  N i s  i n f i n i t e ,  th e  s o lu t io n  can be made p re c is e  
i n  th e  g e n e ra l c a s e . N o rm a lly ,  n i s  t ru n c a te d  to  a f i n i t e  s e t  w h ic h , in  
g e n e ra l,  g iv e s  an a p p ro x im a te  s o lu t io n .  The c h o ic e  o f  b a s is  fu n c t io n s  
f o r  t h i s  a p p l ic a t io n  i s  d is c u s s e d  l a t e r  in  t h is  s e c t io n .
I f  e q u a tio n  3 .13  i s  s u b s t i t u te d  in t o  3 *1 2 , and u s in g  th e  l i n e a r i t y  o f  L ,
th e  r e la t io n s h ip
2 a , L (s  ) = q . . .  3 .14
N n n
is  a p p a re n t.
I t  i s  assumed a s u i t a b le  s c a la r  in n e r  p ro d u c t,  < s ,q > ,  i s  d e f in e d  f o r
th e  p ro b le m . T h is  in n e r  p ro d u c t i s  a s c a la r  d e f in e d  o v e r th e  dom ain o f  
104
L to  s a t i s f y  :
< s ,q  > = < ^ ,s  > *
< a l s 1 + a 2 s 2 , q >  = a 1 <s 1 , q> + a 2 < s 2 , q >
< s ,  s >> 0 
I f  < s , s > = 0  th e n  s = 0 .
104 105
F or a f u r t h e r  d is c u s s io n  on th e  in n e r  p ro d u c t H a r r in g to n  7 s h o u ld  
be c o n s u lte d .
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A s e t o f  w e ig h t in g  fu n c t io n s  w is  th e n  d e fin e d  in  th e  dom ain o f  L .  
T a k in g  th e  in n e r  p ro d u c t o f  3*11 w ith  each w n g iv e s  th e  r e s u l t
E a . <w , L (s ) > = <w , q > . . .  3 .1 5
N n n n n
o r  in  m a t r ix  fo rm
L . (x = cl . . .  3 .1 6
where
< w ., L ( s . ) >   .................  <w , LCs )>
L = 1 . . n .
• a
<w , LCs )> ........................... <w , LCs )>
n 1 n n
° i
<V1A , 
1 v»
a ~ 0
■ q  =
a
n <w , n V
The v e c to r  £  and m a t r ix  L  a re  known, th e r e fo r e  a s o lu t io n  f o r  a  can be 
fo u n d .
In  o rd e r  to  a p p ly  th e  method to  th e  c u r r e n t  p ro b le m , th e  o p e ra to rs  L  ^ ,
L  2 , L  ^ > L n a re  d e r iv e d . These r e la t e  th e  com ponents o f  th e  c u r r e n t
d e n s ity  d i s t r i b u t i o n  J ^  , J z to  th e  E y , E z f i e l d  com ponents a t  a
1 1
d e f in e d  p o in t  (h  , y , z ) on th e  s u r fa c e  o f  th e  uppe r c o n d u c t in g
s t r i p .  The d e t a i l s  o f  t h i s  a re  shown in  A ppend ix 2 . Hence, th e  E y ,
1 1
E f i e l d  component a t  th e  p o in t  (h ,  y , z ) i s  
E y  ( h ,y  1 , z 1 ) = L , ( J ) + L 2 ( J z )
E z ( h ,y  1 , z 1 ) = L 3 ( J y ) + L 4 ( J z )
The boundary  c o n d i t io n  i s  th e n  a p p lie d  o f  th e  ta n g e n t ia l  E f i e l d
com ponents (E , E ) b e in g  ze ro  on th e  c o n d u c to r s u r fa c e .  In  e f f e c t ,  
y z
t h i s  s e ts  th e  q u a n t i t y  q in  E q u a tio n  3*11 to  z e ro .  As i s  shown i n
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A ppend ix  2 , a p a i r  o f  c o u p le d  e q u a tio n s  f o r  J , J z r e s u l t .  These 
unknowns a re  expanded a c c o rd in g  to  th e  p r in c ip le s  o f  th e  moment method 
as tw o s e r ie s ,  hence
NR ,,
J = £ CY . J V
y r - 1  F F
. . .  3 .17
NR
J = £ CZ . J Z
r=1
w here NR i s  assumed f i n i t e .
F o r n o ta t io n a l  c o n v e n ie n c e , th e  fu n c t io n  g e n e ra te d  by o p e ra to r  L  ^ on
J y w i l l  be d e s ig n a te d  R . S im i la r l y ,  L 0 (J  2 ) = S  , L 0 ( J y )
r  r  2 r  r  3 r
ur  and L ,  ( J Z ) = T 
t  4 r  r
T h is  le a d s  to  th e  e q u a tio n s  (A p p e n d ix  2)
NR NR
£ C . R + £ CZ . S  = 0
' „ r  r  . r  r
r=1 r=1
NR NR
£ Cy . U  + £ CZ . T  = 0
„ r  r  j, r  r
r=1 r=1 . . .  3 .18
A l l  t h a t  rem a ins  i s  to  d e f in e  a s u i t a b le  s c a la r  in n e r  p r o d u c t ,  and
d e c id e  on w e ig h t in g  and b a s is  fu n c t io n s  in  o rd e r  to  m a n ip u la te  3 .1 8  to  a 
v z
s o lu t io n  f o r  C J , C and hence th e  re q u ire d  c u r r e n t  d e n s ity
d i s t r i b u t i o n .
The dom ain o f  v a l i d i t y  o f  th e  o p e ra to rs  L   ^ , L 2 , L  ^ and L ^ is
e s s e n t ia l ly  th a t  . o f  th e  uppe r c o n d u c tin g  s t r i p  in  a one u n i t  c e l l .
104
H ence, fo l lo w in g  H a r r in g to n  , a s u i ta b le  s c a la r  in n e r  p ro d u c t
betw een th e  tw o q u a n t i t ie s  F -j » f  2 in  t h i s  dom ain w ou ld  be
84
< V  f2 > - ^•±2 dy1dz1 ... 3.19
strip
w here th e  in t e g r a l  i s  p e rfo rm e d  o v e r th e  s u r fa c e  o f  th e  c o n d u c tin g  s t r i p  
in  one co m p le te  p e r io d .
v zI t  i s  in  th e  c h o ic e  o f  th e  b a s is  fu n c t io n s  J , J _ , t h a t  th er  r
f i r s t  d i f f i c u l t i e s  a r is e .  C le a r ly ,  th e  number o f  te rm s in  th e  s e r ie s
e x p a n s io n , NR, s h o u ld  be m in im is e d . For many e le c tro -m a g n e t ic
a p p l ic a t io n s ,  th e  fo rm  o f  th e  c u r r e n t  i s  a t  le a s t  a p p ro x im a te ly  known 
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T h is  th e n  a llo w s  s u i t a b le  b a s is  fu n c t io n s  to  be chosen such th a t  
th e  s e r ie s  rapidly co n ve rg e s  t o  an a c c u ra te  d e s c r ip t io n  o f  th e  c u r r e n t  
d i s t r i b u t i o n .  In  t h i s  th e o r y ,  how ever, i t  i s  p roposed  to  m a in ta in  th e  
c o n d u c to r  geom etry  e s s e n t ia l ly  as an in p u t  v a r ia b le ,  so t h a t  a h ig h ly  
f l e x i b l e  a n a ly s is  r e s u l t s .  T h e re fo re , no a p r i o r i  know ledge o f  an 
a p p ro x im a te  c u r r e n t  d i s t r i b u t i o n  e x is t s .  The p rob lem  i s  eased, how ever, 
as i t  i s  th e  r a d ia t io n  p a t te r n  w h ich  i s  o f  p r im a ry  i n t e r e s t .  T h is
im p l ie s  t h a t  a somewhat a p p ro x im a te  s o lu t io n  o f  th e  c u r r e n t  d i s t r i b u t i o n  
may be o f  s u f f i c i e n t  a c c u ra c y . T h is  w ou ld  n o t be th e  case i f  in p u t  
im pedance o r  lo s s  c a lc u la t io n  were th e  p rim e  m o t iv a t io n  o f  th e  a n a ly s is .
The c h o ic e  o f  b a s is  fu n c t io n  i s  hence d ic ta te d  by th e  re q u ire m e n t to
m a in ta in  f l e x i b i l i t y  o f  th e  p e r io d ic  g e o m e try . A good d is c u s s io n  o f
s u i t a b le  b a s is  fu n c t io n s  i s  g iv e n  in  ^ ^ > ^ 0 5 ,1 0 6   ^ te c h n iq u e  w h ich
s u g g e s ts  i t s e l f  i s  t h a t  o f  s u b -s e c t io n a l bases. In  t h i s  each o f  th e  NR
b a s is  fu n c t io n s  o n ly  e x is ts  o v e r a s e c t io n  o f  th e  upper c o n d u c to r .  T hus,
by d e f in in g  th e  v a r io u s  b a s is  fu n c t io n  dom a ins, th e  geom etry  may be
s p e c i f ie d .  One p a r t i c u la r l y  s im p le  fo rm  o f  s u b s e c t io n a l b a s is  fu n c t io n
i s  th e  r e c ta n g u la r  p u ls e .  In  t h i s ,  th e  geom etry  o f  th e  upp e r c o n d u c to r
fch
i n  th e  u n i t  c e l l  i s  s p l i t  in t o  NR r e c ta n g u la r  segm ents. Then th e  r
fctlb a s is  fu n c t io n  o n ly  e x is ts  on th e  r  segment and i s  u n i t y  o v e r t h i s  
a re a .  As r a d ia t io n  p a t te r n  c a lc u la t io n  i s  th e  p rim e  o b je c t iv e ,  th e  p u ls e
b a s is  fu n c t io n  s h o u ld  g iv e  adequate  a c c u ra c y , w i th  th e  advan ta ge  o f
ex trem e f l e x i b i l i t y  in  p o s i t io n  and s iz e .  T h is  th e n  a llo w s  a la r g e
number o f  u ppe r c o n d u c to r g e o m e tr ie s  to  be s tu d ie d .  I t  i s  n o te d  t h a t
b o th  th e  J and J b a s is  fu n c t io n s  were chosen to  be p u ls e s ,  as no a 
y z -
p r i o r i  know ledge e x is ts  to  s u g g e s t a d i f f e r e n t  fo rm  f o r  th e  two 
com ponents in  a g e n e ra l a r r a y  e n v iro n m e n t. A d i f f e r e n t  c h o ic e  o f  b a s is  
fu n c t io n  w ou ld  r e s u l t  in  d i f f e r e n t  convergence  r a te s  f o r  th e  v a r io u s  
g e o m e tr ie s  c o n s id e re d . C h a p te r 7 d is c u s s e s  th e  consequences o f  t h i s .
The f i n a l  p rob lem  i s  th e n  c h o ic e  o f  th e  w e ig h t in g  fu n c t io n s  w ^ . 
A c h ie v in g  th e  in n e r  p ro d u c t <w i  , L . (s  . )> e tc .  can be d i f f i c u l t  
when th e  o p e ra to r  L  F i s  com p lex , as i s  th e  case h e re . One ty p e  o f  
s im p l i f i c a t io n  w h ich  can be used is  known as p o in t -m a tc h in g .  In  t h i s ,  
th e  s o lu t io n  to  th e  e q u a tio n  i s  o n ly  e n fo rc e d  a t  a d is c r e te  number o f  
p o in ts  a c ro s s  th e  c o n d u c to r  s u r fa c e .  T h is  e f f e c t i v e l y  a llo w s  th e  
c o r r e c t  boundary  c o n d it io n s  to  be met o n ly  a t  NR p o in t s .  F o r 
c o n v e n ie n c e , th e s e  p o in ts  a re  chosen to  be th e  c e n tre  o f  th e  NR 
segm ents. T h is  i s  e q u iv a le n t  to  s e t t in g  th e  w e ig h t in g  fu n c t io n s  as 
D ira c  d e l ta  fu n c t io n s  a t  th e  segment c e n t r e s ,  ( y r  , z r  ) •
As an exam ple c o n s id e r  th e  in n e r  p ro d u c t cw , R ^ > . T h is  i s  th e n
deno ted  R -  t h a t  i s ,  th e  fu n c t io n  R (o th e rw is e  w r i t t e n  by L (J  rp  r  -] r
til
e v a lu a te d  a t  th e  o r ig in  o f  th e  p d e l ta  f u n c t io n .  T h is  i s ,  , o f
tilc o u rs e , th e  c e n tre  o f  th e  p c e l l .  L e t th e  NR x NR m a t r ix  o f  e le m e n ts  
R ^  be denoted R. S im i la r ly  m a tr ic e s  S, T and U can be fo u n d .
T h is  th e n  g e n e ra te s  th e  f o l lo w in g  m a t r ix  e q u a t io n s ,  v ia  th e  d e ta i le d  
m a th e m a tics  o f  A ppend ix  2 .
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with Cy
v zC colum n v e c to rs  o f  th e  c o e f f ic e n ts  C , C 
—  z r  r
M a n ip u la t io n  o f  th e s e  e q u a tio n s  y ie ld s  th e  r e s u l t
.(T  -  U. R - 1 . S) = 0 . . .  3.21
I f  t h i s  i s  to  have a n o n - t r i v i a l  s o lu t io n
D et T -  U. R
-1
S 3 . 2 2
t h a t  i s ,  t h i s  m a t r ix  i s  s in g u la r .
Now, a l l  th e  e le m e n ts  o f  R /S ,T  and U a re  known e x ce p t f o r  th e
p ro p a g a tio n  c o n s ta n t k zq . T h e re fo re  a n u m e ric a l se a rch  f o r  th e  v a lu e
o f  k g iv in g  th e  c o n d i t io n  3 .22  is  u n d e rta k e n . T h is  can have somezo
n u m e r ic a l d i f f i c u l t i e s  (C h a p te r 5) b u t appea rs  to  be q u i te  p o s s ib le
(C h a p te r 6 ) .  H av ing  fo u n d  th e  v a lu e  f o r  k in  t h i s  way, th e  r a t i o  o fzo
th e  c o e f f ic ie n t s  C z can be found  v ia  m a n ip u la t io n  o f  th e  c o fa c to r s  o f
th e  m a t r ix  (A p p e n d ix  3 ) .  G iven  t h i s ,  e q u a tio n s  3 .20  y ie ld  th e  v e c to r
Cy* Hence th e  r e la t i v e  c u r r e n t  d e n s ity  d i s t r i b u t i o n  in  tw o d im e n s io n s
has been fo u n d . From t h i s ,  a p p l ic a t io n  o f  th e  G re e n 's  F u n c t io n  y ie ld s
th e  r a d ia te d  f i e l d s .  I t  i s  th e  p r o p e r t ie s  o f  th e  fu n c t io n s  R .S
r t f  r p '
Trp# Lfyp* e x p l i c i t l y  d e r iv e d  in  A ppend ix 2 , w h ich  m ust now be
s tu d ie d .
3 -4  E v a lu a t io n  o f  t h e  F u n c t io n a l
The m a t r ix  e lem en ts  R , S , T a re  shown in  A ppend ix  2 to  be o frp  7 rp  rp
th e  fo rm :
OO
y
-oo
... 3.23
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with k = k + 2irn and L the periodicity, zn zo — j~ s
s
N ote th a t  th e  x - d ir e e te d  wavenumbers in  th e  d i e l e c t r i c  (8  ) and f r e e
n
space ( v ) a re  g iv e n  by 
n
g 2 = k2 e -  k2 -  k2 . . .  3 . 2 4 ( a )
n o r  zn y
V2 = k2 -  k2 -  k2 . . .  3 . 2 4 ( b )n o y zn
For no rm a l m ic r o s t r ip  th e  l i m i t  h -> 0  i s  assumed. The fu n c t io n s  Q n (k ^ )
v a ry  a c c o rd in g  to  w h e th e r R , S , T i s  c o n s id e re d . F orr p  rp  rp
r e c ta n g u la r  p u ls e s  b a s is  fu n c t io n s  S = u
r p  r p
I n  g e n e ra l,  k  i s  com plex so t h a t  th e  i n f i n i t e  in t e g r a t io n  must ta k e
p la c e  o v e r some d e f in e d  c o n to u r ,  C, in  th e  com plex k  ^ p la n e . I t  i s  a
fu n d a m e n ta l p ro p e r ty  o f  com plex in t e g r a t io n  th a t  t h i s  in t e g r a l  w i l l  o n ly
be u n iq u e  -  t h a t  i s  p a th  in d e p e n d e n t -  i f  and o n ly  i f  th e  in t e g r a l
110around any c lo s e d  c u rv e  in  th e  re g io n  o f  th e  fu n c t io n  i s  ze ro  . T h is  
i s  th e  case w i th in  any re g io n  f o r  w h ich  th e  fu n c t io n  i s  a n a ly t i c .
C o n s id e r th e  fu n c t io n s  Q (k  ) (A p p e n d ix  2 ) .  I t  i s  c le a r  t h a t  th e s en y
fu n c t io n s  a re  even fu n c t io n s  o f  g , b u t odd fu n c t io n s  o f  \iy n 7 v n
Hence, f o r  each ha rm on ic  te rm  th e  fu n c t io n s  Qn a re  d o u b le -v a lu e d . In
o rd e r  to  o b ta in  a s in g le - v a lu e d  fu n c t io n ,  b ranch  c u ts  a re  in tro d u c e d
in t o  th e  com plex k p la n e  te r m in a t in g  a t  th e  b ranch  p o in ts  k = ± ( k 2y y o
2 1 / 2
-  k  ) . I n  e f f e c t ,  th e s e  b ranch  c u ts  d e f in e  a tw o -s h e e te d  zn
107
Riemann s u r fa c e  . P ro v id e d  th e  i n t e 1 g r a t in g  c o n to u r  chosen , C, does 
n o t c ro s s  th e  b ranch  c u t ,  th e  fu n c t io n  i s  s in g le  v a lu e d . The b ranch  
c u ts  th e m se lve s  can be a r b i t a r i l y  chosen ( w i th in  th e  c o n s t r a in t  o f  n o t 
c ro s s in g  C ). However by s u i t a b le  c h o ic e  o f  th e  b ranch  c u t  and b ranch  o f  
v n i t  i s  p o s s ib le  to  ensu re  th e  r a d ia t io n  c o n d it io n  i s  s a t i s f i e d .
80
Im ( v ) < 0 . . .  3*25
n
. , ,, , , , . . .  - j  v x  (e q u a t io n s
a p p l ie s ,  as an o u tw a rd  d ir e c te d  wave has been w r i t t e n  e ° n
3.1  -  3 .8 ) .
For this to be the case, the condition
T h is  c o n d i t io n  d e f in e s  th e  uppe r (p ro p e r )  Riemann s h e e t.  The b ranch  c u t
w h ich  s e p a ra te s  t h i s  fro m  th e  lo w e r ( im p ro p e r)  s h e e t i s  th e n  g iv e n  by Im
120( v ) = 0 .  F o llo w in g  H e sse l , k  w i l l  be com plex i f  r a d ia t io n
n 20
o c c u rs .  Hence
k = k  L  j  k 11 and k = ( k 1 + 2irn ) -  j  k 11 = k  1 -  j  k
zo zo 0 zo zn zo ■— - J zo zn J zo
s
1 11
T h e re fo re ,  w r i t i n g  k = k + j ky y y
y ie ld s  th e  c o n d i t io n
, 1 1 11 1 1 1, 11 O OCk  k  s?k k  . . . 3.26 
y y zn zo
f o r  th e  b ranch  c u t .  T h is  i s  th e n  a s e c t io n  o f  an h y p e rb o la  as shown in
F ig u re  3 .2  f o r  k ^  p o s i t i v e .  I t  i s  no ted  th a t  th e  r e a l  k  a x is  
does n o t c ro s s  th e  b ra n ch  c u t ,  and so t h i s  w i l l  be adop ted  as th e
in t e g r a t io n  . c o n to u r  C.
Now, i f  v  2 i s  w r i t t e n  as | v | 2 e ^  th e n  v = |v  I and Re (v  2 )n 1 n 1 n 1 n 1 n
| v J 2 cos \l>, Im ( Vn2 ) = | v n | 2 s in
2
E xpand ing  th e  d e f i n i t i o n  o f  v n , and a p p ly in g  e q u a tio n  3*24 we have
| v n | 2 c o s  rp = k o 2 -  ( k ? n 1 ± • 2-nrt • ?  +
L
s . . .  3 .27
. 11 k zo
2 2 -  k
|v  | 2 s in  ip = 2  k  11 (k  1 + 2Trn)1 n 1 zo zo
3 . 2 8
C o n s id e r f i r s t  th e  case n = 0 . The ze ro  o rd e r  p ro p a g a tio n  c o n s ta n t ,  k ,
zo
w i l l  n o rm a lly  be g r e a te r  th a n  kQ 120 . H ence, cos ( ip ) w i l l  be
2 1 1 2  ±2 
n e g a t iv e  p r o v id in g  k ^ + k  zq < k z w h ic tl w i l l  n o rm a lly  be
th e  case ( lo w  r a d ia t io n  lo s s ) .  However, s in  ( ^  ) w i l l  be p o s i t i v e
11 • •
(e q u a tio n  3 .2 8 )  as k i s  p o s i t i v e .  Hence ^  must l i e  in  th e  second
zo
quadrant^ T h e re fo re  t^/2 l i e s  in  th e  f i r s t  q u a d ra n t and th e  n e g a t iv e  b ranch
o f  v m ust be chosen f o r  3 .2 5  to  be s a t i s f i e d .  T h is  c o n c lu s io n  i s  th e  
n
same f o r  th e  ha rm o n ics  w i th  n > 0 .  Now c o n s id e r  n n e g a tiv e  and o f  
s u f f i c i e n t  v a lu e  th a t  (k  1 + 2 ir n /L g ) < 0 (n e g a t iv e  phase v e lo c i t y
F lo q u e t h a rm o n ic ) .
E q u a tio n  3 .27  y ie ld s  cos ( ) n e g a t iv e ,  as b e fo re .  However 3 .2 8  shows
s in  ( ) a ls o  n e g a t iv e .  In  t h i s  ca se , ^ m ust l i e  betw een -  t t / 2  and
~rr. Hence ifj/2 l i e s  betw een — tt / r i  and -  ir /2  and th e  p o s i t i v e  b ra n ch  o f  
becomes p ro p e r .
I t  i s  th e r e fo r e  c le a r  t h a t  g re a t  ca re  must be e x e rc is e d  in  u n d e r ta k in g
th e  in t e g r a t io n  t h a t  th e  c o r r e c t  fo rm  o f  v i s  ta k e n  depen d ing  on th e
n
ha rm on ic  num ber. Such d i f f i c u l t i e s  do n o t o cc u r when an in t e g r a l  i s
a p p r o p r ia te  in  k -  t h a t  i s  when th e  i n f i n i t e  a r r a y  i s  n o t c o n s id e re d  -  z
as th e re  th e n  e x is ts  a freedom  o f  c h o ic e  o v e r b o th  th e  k  and k
y z
in t e g r a t io n  c o n to u rs .  T h is  p o in t  i s  d iscu sse d  i n  C h a p te r 4 . F o r th e  
p re s e n t i t  i s  n o te d  th a t  th e  p e r io d ic  boundary  c o n d i t io n  has
c o n s id e ra b ly  a l te r e d  th e  c h a ra c te r  o f  th e  s o lu t io n s  o v e r th o s e  used in  
f i n i t e  s t r u c tu r e s .  T h is ,  o f  c o u rs e , i s  to  be e x p e c te d .
The c o n to u r  o f  in t e g r a t io n ,  C, may now be c o n s id e re d  t o t a l l y  on th e
u ppe r ( p ro p e r ) s h e e t . F i r s t ,  n o te  th e  r e a l  a x is  i s  an a c c e p ta b le  
c o n to u r .  N e x t, th e  p a th  i s  c lo s e d  to  fo rm  a co m p le te  c i r c u i t  in  th e
com plex k y  p la n e . T h is  can be a ch ie ve d  by e i t h e r  c lo s in g  th e  uppe r o r  
lo w e r h a l f  o f  th e  k ^ -p la n e . The c h o ic e  i s  d is c u s s e d  more f u l l y  i n
C h a p te r 3 .5 .  For th e  c u r r e n t  p u rp o s e , th e n , assume th e  lo w e r  h a l f  o f  
th e  c o n to u r  i s  c lo s e d .  Then, i f  th e  re q u ire d  fu n c t io n  i s  a n a ly t ic  in
89
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th e  re g io n  d e f in e d  by C, C  ^ and C 2 (F ig u re  3 . 2 ) ,  th e  in t e g r a t io n  
r e q u ire d  i s  u n iq u e . H ow ever, in  g e n e ra l th e  fu n c t io n s  Q n (k  ) w i l l  
have p o le s  a s s o c ia te d  w ith  them , as d is c u s s e d  in  C h a p te r 3 .5 .  F o r th e  
p re s e n t ,  l e t  th e s e  l i e  a t  p o in ts  X 1 , X 2 . . .  X as shown in  th e  
f i g u r e .  By i s o la t i n g  th e s e  p o in ts  w i th  c o n to u rs  P 1 . . . .  P ^ , th e  
fu n c t io n  i s  a n a ly t ic  th ro u g h o u t th e  m u lt ip ly -c o n n e c te d  re g io n  shown in  
F ig u re  3 * 2 .  U s in g  th e  no rm a l p r in c ip le s  o f  c o n to u r  in t e g r a t io n ,  th e  
m u l t ip ly  connec te d  re g io n  i s  made s im p ly  connecte d  v ia  th e  p e r tu r b a t io n  
to  th e  c o n to u r  C as shown. Due to  th e  a n a ly t ic  n a tu re  o f  th e  f u n c t io n  
i n  t h i s  re g io n ,  th e  l i n e  in t e g r a t io n  0  ^ P  ^ , P  ^ 0  ^ a re  e q u a l and 
o p p o s ite .  Hence, th e  re q u ire d  i n f i n i t e  in te g r a t io n  i s  g iv e n  by
Q (k  ) e~jK y y ~ JKznz dk 
n y y
Q (k  ) e“ JKy y "  j k znz dk + 2 Res. (Q (k  ) e " j k yy J k znz ) 
n y  y  1=1 i  n Y
r e a l
a x is
. . .  3 .29
th
w ith  Res i  i s  th e  i  re s id u e  o f  th e  f u n c t io n .  T h is  r e s u l t  f o l lo w s  
fro m  th e  w e l l  known R esidue  Theorem . The p o s i t iv e  s ig n  i s  ta k e n  as th e  
in t e g r a t io n  P 1 . . .  P a re  ta k e n  in  th e  a n t i - c lo c k w is e  sense .
T h is  i s  th e n  th e  r e q u ir e d  r e s u l t .  B e fo re  d is c u s s in g  th e  r e a l - a x is  
in t e g r a t io n ,  (C h a p te r 5 ) ,  th e  n a tu re  o f  th e  p o le s  o f  th e  in te g ra n d  i s  
exam ined .
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C o n s id e ra t io n  o f  th e  e q u a tio n  f o r  Q ^  (k  ) (A p p e n d ix  2) shows a p o le
w i l l  e x is t  a t  p o in t  k = € ,  + j e t .  = k - w he reve r th e  l im  ( 1 /Q (k  ) )
y * ‘ y 1 Ky">ky ^  n y
= 0 . P ro v id in g  th e  n u m e ra to r rem a ins  n o n -z e ro , t h i s  w i l l  o c c u r w h e re ve r
P = 0 ,  th a t  is  
n 7
2 j V n ° ° U 28 n t )  ♦ 6*C1 ♦ e r ) -  k2 e r CEr  -  1)
. . .  3*30
I t  i s  shown e lse w h e re  (A p p e n d ix  4) th a t  s o lu t io n  w ith  n o n - re a l $ a re
im p ro p e r, hence l i e  on th e  lo w e r Riemann s h e e t.  P ro v id e d  th e
in t e g r a t io n  c o n to u r  l i e s  t o t a l l y  on th e  upper s h e e t,  th e s e  need n o t be
c o n s id e re d . I t  i s  n o te d , how ever, t h a t  th e  s a d d le -p o in t  in t e g r a t io n
108te c h n iq u e  o f te n  used in v o lv e s  d e fo rm a tio n  o f  th e  in t e g r a t io n  c o n to u r  
in t o  th e  lo w e r and upper Riemann s h e e ts . In  t h i s  ca se , th e  com plex 0 ^
p o le s  must be in c lu d e d  in  th e  c a lc u la t io n .
F o r th e  c u r re n t  p u rp o s e , r e a l  0^ p o le s  need o n ly  be c o n s id e re d . F or
c o n v e n ie n c e , c o n s id e r  th e  q u a n t i t ie s  6n t>  v n t  w i th  t  th e  d i e l e c t r i c
th ic k n e s s .  Then fro m  th e  d e f i n i t i o n  o f  0 and v (e q u a tio n  3 .3 *  3 .6 )n n
(0nt )2 -  ( v nt )2 = 'H t 2 = aQ2 . . .  3.31
As r e a l  o n ly  0n i s  c o n s id e re d ,
L e t 0n t  = q 
and v R t  = g + j r
Com parison o f  im a g in a ry  p a r ts  o f  3*31 y ie ld s  im m e d ia te ly  
g r  = 0 . . .  3.32
L ik e w is e ,  th e  r e a l  and im a g in a ry  p a r ts  o f  e q u a tio n  3*30 g iv e s  
qg c o t2q = 0
2 2 
- 2q c o t ( 2q ) r  + q (1 + = a e^ . . .  3.33
3 .5  The Pole-Wave Functions
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R e c a l l in g  g , r , q  a re  by d e f i n i t i o n  r e a l ,  3 *32 , 3 .33  demand g = 0 f o r  
c o n s is ta n c y .  Now, i f  g = 0 , th e n  v n is  p u re ly  im a g in a ry  hence th e  
waves a s s o c ia te d  w ith  th e  p o le s  r a p id ly  decay e x p o n e n t ia l ly  away fro m  
th e  s u r fa c e .  These th e r e fo r e  re p re s e n t s u r fa c e  wave c o n t r ib u t io n s  to  
th e  F lo q u e t h a rm o n ic s .
Due to  th e  sym m etry o f  e q u a tio n  3 .3 0  in  k , i f  a s o lu t io n  e x is t s  a t  ky y i«
th e n  a s o lu t io n  a ls o  o c c u rs  a t  - k  ^  Hence, th e  p o le s  a re  
d is t r ib u t e d  as shown in  F ig u re  3 -2 .
I t  w i l l  be r e c a l le d  (C h a p te r 3 .4 )  th a t  th e  lo w e r h a l f  o f  th e  k y -p la n e
was c lo s e d  by th e  in t e g r a t io n  c o n to u r .  The reason  f o r  t h i s  c h o ic e
co n ce rn s  th e  p ro p a g a tio n  o f  th e  s u r fa c e  waves. From th e  e q u a tio n s  3-1
to  3 *8 , waves t r a v e l l i n g  in  th e  p o s i t iv e  y - d i r e c t io n  w ith  y > 0 , th a t  i s
— ik  yle a v in g  th e  s t r u c t u r e ,  have a wavenumber o f  th e  fo rm  e y , and 
hence p o le s  w i th  Im ( k ^ )  < 0 a re  a p p ro p r ia te .  S im i la r l y ,  w i th  y < 0 .
H ence, f o r  s u r fa c e  waves le a v in g  th e  s t r u c tu r e  p o le s  o f  n e g a t iv e  Im  (k  )
y
a re  in c lu d e d  in  th e  in t e g r a t io n .
In  te rm s o f  c a lc u la t io n  o f  th e  p o le -w a ve  e f f e c t s ,  t h e i r  p o s i t io n s  can be
d e te rm in e d  v ia  th e  e q u a tio n s
2 2 2 _ 
q -  r  = a . . .  3 .34
and
-  2q c o t  (2 q ) r  + q 2 ( 1+e ) = a 2 er  o r
w h ich  can be s o lv e d  n u m e r ic a l ly  u s in g  e s s e n t ia l ly  an in t e r v a l - h a lv in g  
109te c h n iq u e  . A l l  t h a t  re m a in s  i s  th e  c a lc u la t io n  o f  th e  r e s id u e s .  To 
a c h ie v e  t h i s ,  i t  i s  f i r s t  n o te d  th a t
„ { l V ky 1 ) ,Q n tKy ) }  k ->k _y yi
i s  n o n - i n f i n i t e ,  and hence th e  p o le s  a re  f i r s t  o r d e r .
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I f  th e  fu n c t io n  Q (k  ) i s  w r i t t e n  in  th e  fo rm  W(k ) /V ( k  )
n y y y
th e n
Res k =k .
y yi
WCk )
y
V(Ky )
WCk )
 y _
V1 ( k )
y
k = k 1
y y
The q u a n t i t y  V (k ^ )  i s  s im p ly  th e  d e r iv a t iv e  o f  V (k ^ )  w i th  re s p e c t  to  
k .
y
The d is c u s s io n  g iv e n  h e re  i s  c o m p le te ly  g e n e ra l to  th e  fu n c t io n s  R ^  ,
S and T . H ow ever, i t  may be th a t  a t  some v a lu e s  o f  k = k . n o t rp  r p  y y 1
a l l  th e s e  fu n c t io n s  have p o le s  due to  th e  n a tu re  o f  th e  n u m e ra to r. I n  a 
n u m e r ic a l im p le m e n ta t io n , t h i s  can be id e n t i f i e d  by e x a m in a tio n  o f  th e  
n u m e ra to r .
F o r n e g a t iv e  Re (k  ) v a lu e s ,  a na log ous  argum ents to  th e  above a p p ly .z n
G iven  a p o le  e x is ts  a t  some v a lu e  o f  v t  = j  r  , th e  p o s i t io n  o f
t h i s  p o le  in  th e  k in t e g r a t io n  p la n e  can be s im p ly  t ra c k e d  v ia
a p p l ic a t io n  o f  th e  fo rm u la e  k = k + 27m  and th e  d e f i n i t i o n  o fzn zo — |—
Ls
Care m ust be e x e rc is e d  to  ensu re  th e  c o r r e c t  p o le s  a re  in c lu d e d  f o r
Im  (k  ) < 0 ,  and th e  s ig n  o f  th e  re s id u e  c o n t r ib u t io n  chosen
a c c o r d in g ly .
In  o rd e r  to  e v a lu a te  th e  re q u ire d  i n t e g r a l ,  i t  o n ly  re m a in s  to  in te g r a te
th e  fu n c t io n s  R ,S ,T  a lo n g  th e  R eal A x is .  T h is  i s  d is c u s s e d  r p  rp  rp
in  C hap te r 5 .
3 .6  Summary
In  t h i s  c h a p te r ,  th e  d e t a i l s  o f  a f l e x i b l e  and g e n e r a l ly  a p p l ic a b le  
a n a ly s is  o f  th e  p e r io d ic  m ic r o s t r ip  t r a v e l l in g - w a v e  a r ra y  have been
94
o u t l in e d .  An i n f i n i t e  a r r a y  a p p ro x im a tio n  has been used , to g e th e r  w i th  
a m o d if ie d  G re e n 's  F u n c t io n  and an a p p l ic a t io n  o f  th e  Moment M ethod to  
c a lc u la te  th e  unknown c u r r e n t  d i s t r i b u t io n s  o v e r th e  a r r a y .  The b a s is  
f o r  th e s e  te c h n iq u e s  and t h e i r  use in  t h i s  a p p l ic a t io n  has been 
d is c u s s e d . P e r fe c t  c o n d u c to rs  and d ie le c t r i c s  a re  assumed w ith  a b u lk  
c o r r e c t io n  f o r  lo s s  a p p lie d  l a t e r  (C h a p te r 4 ) .
S e v e ra l in t e r e s t in g  fa c to r s  a re  a p p a re n t.  F i r s t l y ,  th e  i n f i n i t e  a r r a y  
a p p ro x im a tio n  a llo w s  th e  a r ra y  p rob lem  to  be reduced to  th a t  o f  th e  
p r o p e r t ie s  o f  a s in g le  u n i t  c e l l .  T h is  is  a c h ie ve d  v ia  F lo q u e t* s  
Theorem f o r  p e r io d ic  fu n c t io n s .  In  t h i s ,  a g e n e ra l f i e l d  s o lu t io n  i s  
c o n s tru c te d  as an i n f i n i t e  s e t  o f  s p a t ia l  ha rm on ics  in  th e  d i r e c t io n  o f  
p e r io d ic i t y .  The f i e l d  a t  any p o in t  i s  th e n  g iv e n  by th e  sum o f  th e  
c o n t r ib u t io n s  from  a l l  th e  h a rm o n ic s . By use o f  t h i s  ty p e  o f  f i e l d  
e xp a n s io n  th e  p resence  o f  th e  a r r a y  i s  im p l ie d ,  and hence c o n s id e r a t io n  
o f  a s in g le  p e r io d ,  w ith  th e  p e r io d ic  boundary c o n d it io n  o f  F lo q u e t* s  
Theorem , i s  s u f f i c i e n t  to  a l lo w  f o r  th e  presence  o f  a l l  th e  e le m e n ts .
In  t h is  a n a ly s is ,  th e s e  p r in c ip le s  have been embodied in  a g e n e ra l 
s o lu t io n  f o r  th e  m a g n e tic  v e c to r  p o t e n t ia l  in  C a r t is ia n  c o - o r d in a te  
fo rm . T h is  a llo w s  th e  p r in c ip le  o f  G re e n 's  F u n c tio n  to  be a p p lie d
to  th e  a r r a y  fo r m u la t io n .  T h is  was a ch ie ve d  v ia  a p p l ic a t io n  o f  th e  
boundary  c o n d it io n s  r e le v a n t  to  th e  m ic r o s t r ip  a r r a y  assum ing p e r fe c t  
c o n d u c to rs  and d i e l e c t r i c .  A l l  t h a t  i s  th e n  re q u ire d  i s  th e  c a lc u la t io n
t.i_
o f  th e  unknown c u r r e n t  d i s t r i b u t i o n  and th e  ze ro  o rd e r  F lo q u e t mode 
wavenum ber. B o th  th e s e  a re  fo u n d  v ia  an a p p l ic a t io n  o f  th e  Method o f  
M oments. The p r in c ip le s  a re  expounded (C h a p te r 3 * 3 ) ,  and d e ta i le d  
d e r iv a t io n s  g iv e n  (A p p e n d ix  2 ) .
In  th e  c u r r e n t  a p p l ic a t io n ,  s im p le  p u ls e - ty p e  b a s is  fu n c t io n s  a re  
em ployed , to g e th e r  w i th  a p o in t  m a tc h in g  te c h n iq u e . T h is  s p e c i f ie s  th e
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geom etry  o f  th e  a r r a y  to  be a s e t  o f  re c ta n g u la r  segm ents, o f  a r b i t a r y  
d im e n s io n  and p o s i t io n  in  th e  y - z  p la n e  (F ig u re  3 .1 ) .  A w id e  v a r ie t y  o f  
a r r a y  ty p e s  can th e r e fo r e  be c o n s id e re d .
The e v a lu a t io n  o f  th e  v a r io u s  com plex in te g r a ls  d e r iv e d  fro m  th e  above 
a n a ly s is  i s  c o n s id e re d  in  g e n e ra l te rm s . The d e r iv a t io n  o f  a c o n to u r  in  
th e  com plex k y -p la n e  such t h a t  th e s e  fu n c t io n s  a re  a n a ly t ic  in  a c lo s e d  
re g io n  has been d is c u s s e d . The fu n c t io n s  a re  d o u b le  v a lu e d  and a tw o 
sh e e te d  Riemann s u r fa c e  has been d e f in e d  v ia  s u i t a b le  b ranch  c u ts .  These 
c u ts  a re  such th a t  th e  r a d ia t io n  c o n d it io n  i s  s a t i s f ie d  on th e  upper 
Riemann s h e e t.  The in t e g r a t in g  c o n to u r  chosen l i e s  t o t a l l y  on t h i s  
s h e e t.  The fu n c t io n s  may a ls o  have p o le s  ly in g  on t h i s  s h e e t,  and th e s e  
have been shown to  re p re s e n t s u r fa c e  waves c o n t r ib u t io n s .
T h ro u g h o u t t h i s  c h a p te r  em phasis has been p la ce d  on th e  q u a l i t a t i v e  
o u t l in e  o f  th e  p r in c ip le s  in v o lv e d .  The d e ta i le d  m a th e m a tics  i s  
p re s e n te d  in  a number o f  A ppend ices quo ted  th ro u g h o u t th e  c h a p te r .
H ence, th e  a n a ly s is  o f  th e  c u r r e n t  d i s t r i b u t i o n  a c ro ss  a s in g le  p e r io d  
o f  th e  a r r a y  s t r u c tu r e  in  th e  p resence  o f  an i n f i n i t e  a r r a y  o f  l i k e  
p e r io d s  has been d e r iv e d .  In  th e  f o l lo w in g  c h a p te rs ,  th e  n e ce s sa ry  
r e la t io n s  f o r  power r a d ia te d  and th e  r a d ia t io n  p a t te r n  from  a f i n i t e  
a r r a y  o f  d e f in e d  geom etry  a re  d e r iv e d .  N u m e rica l im p le m e n ta tio n  i s  a ls o  
d is c u s s e d  and r e s u l t s  g iv e n ,  v e r i f y in g  th e  approach o f  t h i s  c h a p te r .
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FIG. 3*2 Complex ky -  Plane Integration Contour
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The i n f i n i t e  a r r a y  a p p ro x im a tio n  has been used in  C hap te r 3 in  o rd e r  to  
c a lc u la te  th e  c u r r e n t  d i s t r i b u t i o n  a c ro s s  one p e r io d  o f  th e  a r ra y  
in c lu d in g  a r r a y  in t e r a c t io n  e f f e c t s .  In  o rd e r  to  be a p p lie d  a f i n i t e  
a r ra y  m ust now be c o n s id e re d . In  d o in g  t h i s  th e  assum ption  i s  made t h a t  
th e  c u r r e n t  d i s t r i b u t i o n  a c ro s s  each p e r io d  rem a ins  unchanged fro m  th e  
i n f i n i t e  a r r a y  m ode l. In  t h i s  way, geom etry changes (assumed g ra d u a l)  
a c ro s s  th e  a r ra y  may be a n a ly se d  by a number o f  a p p l ic a t io n s  o f  th e  
i n f i n i t e  a r ra y  a n a ly s is .
The a p p ro x im a te  c u r r e n t  d i s t r i b u t i o n  w h ich  r e s u l t s  from  th e  th e o ry  o f  
C h a p te r 3 i s  in  e f f e c t  n o rm a lis e d  to  a d e l ta  fu n c t io n  so u rce  in  one
d i r e c t io n  a t  some p o in t  (A p p e n d ix  2 ) .  B o th  c u r r e n t  com ponents a re
r e la te d  to  t h i s  s o u rc e . In  t ra n s fo rm in g  to  th e  f i n i t e  a r r a y ,  c o n t in u i t y  
i s  e n fo rc e d  a lo n g  th e  c o n d u c to r a t  th e  s in g le  p e r io d  b o u n d a r ie s . T h is  
g iv e s  th e  c u r r e n t  d i s t r i b u t io n  o v e r ' th e  e n t i r e  a r r a y .  When a n a ly s in g  a 
p r a c t i c a l  a r r a y ,  an a d d i t io n a l  c o n t r ib u t io n  to  th e  a t te n u a t io n  c o n s ta n t 
i s  re q u ire d  to  a cco u n t f o r  l i n e  lo s s e s .  T h is  i s  dependent on th e  upper 
c o n d u c to r geom etry  and c a lc u la te d  v ia  a p p l ic a t io n  o f  th e  W hee le r fo rm u la  
(C h a p te r 5 ) .  I n  t h is  way, th e  a c tu a l c u r r e n t  d i s t r i b u t i o n  a c ro s s  a
f i n i t e  a r ra y  i s  d e r iv e d  fro m  th e  i n f i n i t e  a r r a y  a p p ro x im a t io n .  No
a llo w a n c e  i s  m a d e fo r d i r e c t  r a d ia t io n  fro m  th e  p r a c t ic a l  t r a n s i t i o n  
a t  t h i s  s ta g e , w h ich  in  any e ve n t w i l l  be s m a ll f o r  a lo n g  a r r a y .
H a v in g  found  t h i s ,  a l l  th a t  i s  r e q u ire d  i s  th e  G re e n 's  F u n c tio n  o f  t h i s  
f i n i t e  s t r u c tu r e  in  o rd e r  to  compute th e  d e s ire d  r a d ia t io n  p a t te r n  o f  
th e  a r ra y  and th e  r a d ia te d  pow er.
CHAPTER 4 :  THE FINITE ARRAY
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4.1  The F in ite  Structure Green's Function
In  an a na log ous  manner to  th e  G re e n 's  F u n c tio n  o f  C h a p te r 3 *2 , th e
e q u iv a le n t  F u n c tio n  in  a f i n i t e  e n v iro n m e n t i s  now c a lc u la te d .  V e ry
15r e c e n t ly  p u b lis h e d  a n a ly s e s , p r im a r i ly  t h a t  o f  Pozar , have deve lop ed
s u i ta b le  G re e n 's  F u n c tio n s  f o r  th e  m ic r o s t r ip  e n v iro n m e n t. In  f a c t
Pozar bases h is  w ork  on an e a r l i e r  o n e -d im e n s io n a l G re e n 's  F u n c tio n  o f  
14A le x o p o u lo s  * in  essence u s in g  a s u p e r p o s it io n  p r in c ip le  to  
g e n e ra te  a tw o -d im e n s io n a l c u r r e n t  d i s t r i b u t i o n  f o r  s im p le  p a tc h e s . In  
th e  c u r r e n t  th e o r y ,  how ever, an a r b i t a r i l y  d ir e c te d  u n i t  so u rce  
c o n d i t io n  i s  used f o r  th e  G re e n 's  F u n c tio n  d e r iv a t io n  le a d in g  to  an 
in t e r e s t in g  p a r a l l e l  w ith  th e  i n f i n i t e  a r ra y  fo r m u la t io n  o f  C h a p te r 3» 
A ga in  c o n s id e r  th e  s t r u c tu r e  in  th re e  r e g io n s .  F o llo w in g  th e  b a s ic  
o u t l in e  f o r  th e  s o lu t io n  o f  th e  s c a la r  H e lm h o ltz  e q u a t io n ,  th e  v e c to r
r\j f\,
m a g n e tic  p o t e n t ia l  com ponents A , A z can be d e r iv e d  f o r  th e  th re e  
r e g io n s .  The n o ta t io n  A d e n o te s  a f i n i t e  s t r u c tu r e  m a g n e tic  v e c to r  
p o t e n t ia l  com ponent. Thus th e  g e n e ra l fo rm  is  th e n :
f  (k  , k 3 e±dkx X ^ Ky y ^ kz Z dk dk 
^  y z J y z
4 .1
w i th  k 2 = k 2 + k 2 + k 2 , . . . 4 . 2
x y z
where k is  th e  wavenumber i n  th e  p a r t i c u la r  medium c o n s id e re d ,
N o t ic e  t h a t  th e  absence o f  th e  p e r io d ic  boundary c o n d i t io n  i s  r e f le c t e d
in  an in t e g r a l  in  k  ^  T h is  i s  an im p o r ta n t f e a tu r e ,  and perhaps
c l a r i f i e s  th e  i n f i n i t e  a r ra y  a p p ro x im a t io n .  In  th e  l a t t e r ,  th e  p resence
o f  th e  o th e r  e lem ents  e n fo rc e s  a p e r io d ic  n a tu re  on th e  f i e l d s
(F lo q u e t* s  Theorem ). In  tu r n  t h i s  causes th e  g e n e ra l s o lu t io n  to  be an
( i n f i n i t e )  s e t  o f  d is c r e te  ha rm o n ics  in  k . I n  th e  f i n i t e  s t r u c tu r e     zn
t h i s  i s  n o t s o , and an in t e g r a l  in  k i s  r e q u ir e d .  T h is  e xp a n s io n  i sz
th e r e fo r e  c o m p le te ly  d i f f e r e n t  to  th a t  used in  C hap te r 3 . N o n e th e le s s , a
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p a r a l l e l  e x is ts  in  th e  approach  to  th e  G re e n 's  F u n c tio n  d e r iv a t io n .  
Once a g a in ,  th e  com ponents in  th e  th re e  re g io n s  a re  d e f in e d .
i  The D i e l e c t r i c  R e g io n  1 -  t  < x < 0
ro
A* - a ( k  , k  ) s i n ( 0 x  + t ]  e 3kyy dk dky z y z
. . .  4 .3
-j k z -b(k , k ) sin(0x + t) e z y z
. . .  4 .4
i i  The I n t e r m e d ia t e  R e g io n  1 0 < x < h
A =y
{c(k ,k ) e 3VX + d(k ,k ) e^V X } e 3 ^yy 3kzZ dk dk y z y z y z
a nd  4 ( 5
{e(k ,k ) e'3VX ♦ g(k ,k ) eJV X > e-jKyy ~ jKzZ dk dky 2 y z y z
. . .  4 .6
i i i  The F re e  S pace  R e g io n  h $ x $
ro
A3 = n k  , k ) e - j v x  • h -  J k z z •  j y  dk  dky z y z
ro
A S = z m (ky,kz ) e JVX
h - jk z - ik yJ z u y dk dk y y z
. 4 .8
F o llo w in g  a na lag ous  m a th e m a tics  to  A ppend ix  2 y ie ld s ,  a f t e r  a p p l ic a t io n  
o f  r e le v a n t  boundary  c o n d it io n s ,  th e  moment method and s u i t a b le  
m a n ip u la t io n :
i " From this point' in the analysis the functiona'l' 'dependence on' K  V  k of"y z
a,b,c,e,l,m will not be strictly shown.
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1 = 1 I y { g 2 ( j v t a n ( 8 t ) + 1) + kz 2 (1 -  er ) }  + I 2 (e r  -  13ky Kz
. . .  4 .9
m ~ p-
ro ro
I  {fi2 C .iv ta n (8 t) + 1) + k . 2 (1 -  e )} + I . . ( e  -  1 )k . kz — — —  y r  y r  y z
. .  4 .1 0
where 
P = 8 X   + j v t a n ( 8 t )  -  28
j t a n ( 8 t )
-  (1 -e  H k  2 + k 2 ) 
r  z y
^  ^  1k v + Ik  z
I  = — w£  E C s in ( k  Ay ) s in C k  Az ) eJ y y r  J z r  . . .  4 ,11
y . * 2 V r=1  r -------- yJ r ----------- z j r
k k
y Z
S u b je c t to  v 2 = k 2 - k 2 - k 2 , 82 ^ k 2 e - k 2 - k 2 
o y z  o r y z
w ith  NT th e  number o f  segm ents o v e r th e  e n t i r e  a r r a y . The c o e f f i c ie n t s  
y z
C , C ^ have been g e n e ra te d  v ia  th e  i n f i n i t e  a r r a y  th e o r y ,  as
o u t l in e d  above and hence th e  fu n c t io n s  1 , m a re  known. T h is ,  o f  c o u rs e ,
assumes a p e r fe c t  te r m in a t in g  lo a d .  In  th e s e  e q u a t io n s ,  i t  i s  c le a r
th a t  th e  c e l l  d im e n s io n s  2 AY , 2Az a re  r  d e p e n d e n t. T h is  i s  in
r  r
ke e p in g  w ith  C h a p te r 3 , and in  essence a llo w s  n o n -e q u a l segm ents to  be 
used to  d e f in e  th e  a r r a y  g e o m e try .
To i l l u s t r a t e  t h i s  a p p ro x im a t io n ,  c o n s id e r  an a r ra y  o f  M id e n t i c a l  
p e r io d s ,  each p e r io d  s p l i t  w i th  NR segm ents (C h a p te r 3) w i th  th e  same 
segm en ta l c o n f ig u r a t io n .  Hence,
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^  - j p  fl-1  NR y .. + ..
I „  e ~  E z c i  s in t k  Ay J  s i n l k j z  „ 3 e 3 yy p 1 J zy g „ . 1 y 1 z 1z itzv m=0 r=1 r  y r  r
k ky z
. . .  4 . 1 2
1
w ith  r  = r  + m x NR
F or th e  lo n g  a r r a y ,  i t  i s  assumed f o r  s im p l i c i t y
r -  p ^ aj  k (mL )O — L. g  7Q  c;
r+mxNR r  z s
where k i s  o b ta in e d  fro m  th e  i n f i n i t e  a r ra y  th e o ry .  I f  ohm ic lo s s  i s  
zo
to  be in c lu d e d ,  k must be m o d if ie d .  T h is  e q u a tio n  i s  c o n s is te n t  w i th  
zo
th e  i n f i n i t e  a r ra y  m odel a ssu m p tio n  o f  s m a ll edge e f f e c t s .
Now, in  t h i s  i l l u s t r a t i v e  exam ple ,
Ay = Ayr , Az 1 = Azp
y  1 ■  V  z 1 = 2r  + mLsr  r  r
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whence u s in g  th e  i d e n t i t i e s  o f  G ra d sh te yn  and R y z h ik  and s u i t a b le  
m a n ip u la t io n
,v s in  (ML (k  + k ) )  e 3 (r1" 13Ls (Kzo + kz ) /2
I  = 0 s zo z
^  ir2v s in ( L  (k + k ) )
s  zo— z 
2
NR v .
*2 C s in ( k  Ay ) s in ( k  Az ) z Zr  + 3 y y r
r - 1  r  V t --------------—  . . . 4 . 1 3
y z
T h is  i s  a s im p ly  im p lem ented  e x p re s s io n  u s e fu l in  c a lc u la t in g  th e
r a d ia t io n  p a t te r n  fro m  an a r r a y  o f  l i k e  r a d ia t o r s .  The 1^ f a c t o r  i s  
re s o lv e d  in t o  e s s e n t ia l ly  a sum m ation o v e r one p e r io d  and a f a c t o r  w h ich
a llo w s  f o r  th e  o th e r  e le m e n ts . N a tu r a l ly ,  in  th e  case o f  n o n - id e n t ic a l
e le m e n ts , th e  f u l l  e x p re s s io n  4 .11 must be used . H av ing  found  an
e x p re s s io n  f o r  I  th e  p r in c ip le s  expounded in  C hap te r 4 .3  f o r  r a d ia t io n  
p a t te r n  c a lc u la t io n  can th e n  be a p p l ie d .  I n i t i a l l y ,  how ever, c o n s id e r
103
th e  s p e c t r a l  p r o p e r t ie s  o f  th e  f i n i t e  m ic r o s t r ip  G reen ’ s F u n c t io n .
4 .2  S p e c t r a l  P r o p e r t ie s
V^/S s »In s p e c t io n  o f  th e  e q u a tio n s  f o r  A ^  and A z shows once a g a in  com plex
in t e g r a t io n  i s  needed. In  th e  fo u r -s p a c e  d e fin e d  by Re (k  ) ,  I m ( k  ) ,
Z Z
Re (k  y ) ,  Im ( k y ) ,  th e  in t e g r a t in g  s u r fa c e  may be d e r iv e d .  The 
in te g ra n d s  a re  d o u b le  v a lu e d  as th e y  a re  odd fu n c t io n s  o f  v * T h e re fo re  
a two shee ted  Riemann s u r fa c e  i s  d e f in e d .  The r a d ia t io n  c o n d i t io n  i s  
m et p ro v id e d
Im ( v ) < 0  
Re ( v ) > 0  
hence:
v = -  /  k 2 -  k 2 -  k 2 j k 2 + k 2 | > k 2 
o y z ' y z 1 o
= /  k 2 -  k 2 - k 2 | k 2 + k 2 | < k 2
o y z 1 y z 1 o
and t h i s  c o n d it io n  d e f in e s  th e  upper Riemann sh e e t
The b ranch  c u ts  can now be d e f in e d  in  an ana logous way to  C h a p te r 3 , in
o rd e r  to  ensu re  t h i s  c o n d it io n  i s  met on th e  upper s h e e t.  The d e t a i l s
o f  t h i s  a re  e xc lu d e d  fro m  t h is  d is c u s s io n ,  b u t can be im p lie d  fro m
15C h a p te r 3 and Pozar
P o le s  o f  th e  in te g ra n d  may a ls o  e x is t  w h ich  may be removed by 
s u rro u n d in g  w i th  s u i t a b le  s m a ll s u r fa c e s .  These p o le s  may e x is t  
w henever th e  fu n c t io n
p » v -  + j v t a n l f t t )  -  28) -  (1 -  er H k y 2 + k^2 )
j t a n ( 8 t 3
= 0
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e x is t  on th e  p ro p e r Riemann sh e e t when g i s  r e a l  and v im a g in a ry .
Hence, th e s e  p o le s  re p re s e n t th e  s u r fa c e  wave c o n t r ib u t io n s .  Such p o le s
w i l l  l i e  on th e  Re (k  k ) p la n e . However, th e  c o n d it io n s  on v and g
2 2 2
o n ly  o c c u r when k l i e s  between th e  tw o c i r c le s  k + k = k and
y y z o
2 2 2k + k = k £ in  th e  R e(k , k  ) wavenumber p la n e ,
y z o br  y z
Due to  th e  sym m etry i n  k z and k ^ p o le s  w i l l  o c c u r i n  b o th  th e  p o s i t i v e
15
and n e g a t iv e  h a l f  p la n e s . A p p l ic a t io n  o f  th e  s m a ll lo s s  argum ent 
shows w h ich  p o le s  s h o u ld  be in c lu d e d  in  th e  in t e g r a t io n .
~ s
In  t h i s  w ay, th e  n e ce ss a ry  fu n c t io n s  f o r  A ^  a re  a n a ly t ic  in  a s u r fa c e
d e fin e d  on th e  p ro p e r  Rieman s h e e t.  T h is  in t e g r a t io n  s u r fa c e  chosen is
th e  Re (k  , k  J  p la n e  d e f in e d  by Im (k  ) = 0 , Im (k  ) = 0 .
y  z  y  z
2 2 2
C o n s id e r i n i t i a l l y  s o lu t io n s  o f  th e  fo rm  k  + k > k Then, vy z o
2 2 1 / 2  
s - j  (k  + k z w h ich  a re  hence s o lu t io n s  d e c a y in g
e x p o n e n t ia l ly  i n  z ,  and a re  n o n - r a d ia t iv e  s o lu t io n s .  S o lu t io n s  where
* 2 o
K2 + k < k a re ,  how ever, r a d ia t i v e ,  y z o 7 7
4 .3  R a d ia t io n  P a t t e r n  C a lc u la t io n
Appendix 4 has examined a similar equation and shown that poles may only
G iven  th e  a p p ro x im a te  c u r r e n t  d i s t r i b u t i o n  and th e  r e la t io n s h ip  o f  
C hap te r 4 .1 ,  A ppend ix  5 d e r iv e s  th e  Ex , Ey , Ej ; f i e l d  com ponents in  th e  
e x t e r io r  r e g io n .  T h is  i s  a ch ie ve d  v ia  s im p le  f i e l d  e xp a n s io n  and th e  
d e f i n i t i o n  o f  m a g n e tic  v e c to r  p o t e n t ia l .  I t  i s  c le a r  fro m  t h i s  t h a t  th e  
e x p re s s io n s  a re  e s s e n t ia l ly  d o u b le  in te g r a ls  in  k and k z o f  th e  fo rm :
Ey ■ JJ y y y  ' JV  -Jvx « v k
E = 
z
y z  . . .  4 . 1 4
F (k  , k  ) e ^ ky y ^ kzZ ^ VX dk dk • • •  4 .1 5
z y z y z
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F t k  , k  ) e ' j y  -  j y  - j v x  d k  dk
x y z y z
4 . 1 6
where S re p re s e n ts  th e  re g io n  o f  th e  Re (k  , k  z ) p la n e  bounded by
2 2 2
th e  c i r c l e  k + k = k , w h ic h , fro m  C h a p te r 4 .2 ,  i s  th e  
y z o 1 7
r a d ia t iv e  r e g io n .  The p la n e  o f  th e  board m ust be e x c lu d e d  fro m  th e
c a lc u la t io n  as th e  t o t a l  f i e l d  th e re  has b o th  r a d ia t iv e  and s u r fa c e  wave
com ponen ts .
I n i t i a l l y ,  c o n s id e r  th e  fo rm  o f  F F , F as g iv e n  in  A ppend ix  5 . As
a y  z
d e s c r ib e d  th e r e ,  o n ly  two o f  th e s e  fu n c t io n s  a re  in d e p e n d e n t, w ith
F = - 1  (k  F + k F ) . . .  4 .1 7  
x ^  y y z z
w h ich  i s  a r e s u l t  o f  th e  e xp a n s io n  chosen f o r  th e  v e c to r  p o t e n t ia ls .  
S im i la r  e x p re s s io n s  can be d e r iv e d  from  th e  H f i e l d  com ponents.
A l l  s i x  f i e l d  com ponents have th e  same fu n c t io n a l  dependence on th e  
o b s e rv a t io n  p o in t ,  o f  th e  fo rm  exp { - j  (v x + k  y + k z ) }  . Now, wheny Z
2 2 2k + k < k , v i s  r e a l  and i t  i s  c le a r  th e  s o lu t io n s  a re  waves 
y z o
w ith  c o n s ta n t m agn itud e  and phase f r o n t  d e s c r ib e d  b y v x  + k ^ y  + k ^ z  
= a c o n s ta n t .  T h is  i s  hence a p la n e  wave (u n a t te n u a te d ) .
In  o rd e r  to  e v a lu a te  th e  f a r - f i e l d  th e  a s y m p to tic  v a lu e  as r  =* « o f  th e
2 2 2 1 / ?
i n t e g r a ls  4 .14  -  4 .1 6  m ust be e v a lu a te d ,  where r  = (x  + y + z ) d / .
I t  i s  common p r a c t ic e  to  a c h ie v e  t h is  by th e  s a d d le  p o in t
in t e g r a t io n  te c h n iq u e . In  t h i s  th e  k , k  in t e g r a t io n  s u r fa c e  i s  chosen
y z
so th a t  th e  r a te  o f  change o f  th e  fu n c t io n  i s  m axim ised a t  some p o in t .  
The a p p ro x im a tio n  i s  made th a t  a t  v a lu e s  a lo n g  t h i s  s u r fa c e  away fro m  
t h i s  "s a d d le  p o in t "  th e  c o n t r ib u t io n  to  th e  in t e g r a l  i s  n e g l ig ib ly  
s m a ll .  T h is  th e n  e n a b le s  a T a y lo r  o r  L a u re n t s e r ie s  e xp a n s io n  o f  th e
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th e  in t e g r a t io n .  U n fo r tu n a te ly ,  th e  s u r fa c e  re q u ire d  in v o lv e s
d e fo rm a tio n  in t o  th e  im p ro p e r Riemann s h e e t.  T h is ,  in  i t s e l f ,
c o m p lic a te s  th e  te c h n iq u e  as com plex p o le s  may e x is t  w h ich  m ust be
32
in c lu d e d .  F o r a f u l l e r  e x p la n a t io n  o f  t h is  te c h n iq u e  C o l l in  and 
101H e sse l s h o u ld  be c o n s u lte d .  In  th e  c u r r e n t  p ro b le m , t h is  te c h n iq u e  
i s  n o t a d o p te d . In s te a d ,  as p r e v io u s ly  s ta te d ,  th e  in t e g r a t io n  i s  
c a r r ie d  o u t o v e r th e  Re (k  y ) ,  Re (k  z ) p la n e  ly in g  in  th e  p ro p e r 
Riemann s h e e t.
17The te c h n iq u e  adop te d  i s  e s s e n t ia l ly  t h a t  due to  Rhodes . A ppend ix  6 
g iv e s  d e t a i ls  o f  t h i s  f o r  c o m p le te n e s s . The p r in c ip le  is  an a p p l ic a t io n  
o f  th e  R iem ann-Lebesque Lemma. T h is  lemma s ta te s  th a t  i f  a f u n c t io n  i s  
bounded on th e  in t e r v a l  ( a ,b )  and o f  l im i t e d  t o t a l  f lu c t u a t io n  on t h i s  
i n t e r v a l ,  th e n  as r  ■+ «
b
f  ( q D ejrC | dq *> □ (~ )   a fu n c t io n  o f  th e  o rd e r  1 / r
a
In  A ppend ix  6 , th e  re q u ire d  in t e g r a ls  f o r  th e  Ex , E y , com ponents a re  
used i n  s p h e r ic a l  c o - o rd in a te  fo rm  and m a n ip u la te d  such th a t  th e  Lemma 
a p p l ie s .  T h is  in v o lv e s  rem ov ing  a s in g u la r i t y  p o in t  from  th e  in t e g r a l ,  
and g iv e s  a r e s id u a l  te rm  f o r  th e  a s s y m p to tic  b e h a v io u r o f  th e  f i e l d  
in t e g r a l  as r  •> “  to  be 
— i K r
E = j2 ir k  e J o cos0 F (k  s in0cosd> ,k s in0sin<|>,k ) x o  x o o o
where th e  c o -o r d in a te  system  o f  F ig u re  2 .1  a p p l ie s .  The fu n c t io n s  F x ,
F and F z a re  s im p ly  th o s e  o f  e q u a tio n s  4 .14  -  4 .11 w ith  k y = k Q s in 0
cos d> , k = k s in 0  sin<|> .T * z o Y
I t  i s  no ted  th a t  th e  e x p re s s io n  does n o t a p p ly  a t  0 = 90 °  , t h a t  i s  th e
p la n e  o f  th e  b o a rd . As th e  a r r a y  i s  lo n g  and d i r e c t i v e ,  i t  i s  assumed
function at this point to be used, leading to an approximate result for
t h a t ,  in  most a p p l ic a t io n s ,  t h is  l i m i t a t i o n  is  a c c e p ta b le .  T h is  i s  n o t 
th e  c a s e , how ever, i f  an e n d f i r e  a r r a y  is  used (n o t  c o n s id e re d  in  t h i s  
t h e s is ) .
T h is  te c h n iq u e  i s  e s s e n t ia l ly  a more r ig o u ro u s  app roach  to  th e  method o f
17s ta t io n a r y  phase . A l l  t h a t  rem a ins  i s  th e  c o - o r d in a te
t r a n s fo rm a t io n s  o f  E , E , E in t o  more u s e fu l q u a n t i t i e s .  I t  i s  commonx y z
to  use th e  f i e l d  component E 0 , E ^ d e f in e d  by
E o (r,0,<}>) = E s irrfcosO  + E cos<|>cos0 -  E s in 0
o y z x
E ^(r,0 ,c f> ) = E^cos^ -  Ey sin<{>
. . .  4 .1 6
H ow ever, f o r  d i r e c t  e x p e r im e n ta l com parison  more u s e fu l  q u a n t i t ie s  a re
th e  c o -  and c r o s s - p o la r is e d  f i e l d s .  The p re c is e  d e f i n i t i o n  o f  th e
m eaning o f  c o -  and c r o s s - p o la r is a t io n  has been th e  s u b je c t  o f  some
d is c u s s io n .  The g e n e r a l ly  a cce p te d  paper on th e  s u b je c t  i s  due to  
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Ludw ig  , b r i e f l y  a llu d e d  to  in  C hap te rs  1 and 2. In  esse n ce , th re e
d e f in i t i o n s  a re  p re s e n te d . In  te rm s o f  th e  no rm a l s p h e r ic a l  c o -o rd in a te
m easurem ent scheme, th e  r e le v a n t  d e f i n i t i o n  i s  th e  t h i r d .  T h is  g iv e s
r i s e  to  th e  c o - o r d in a te  t r a n s fo r m a t io n  
E p  = E0cos(J) + E ^ s ir r f
E = E^sim j) -  E.cosd) q 0 T <f>
where Ep, E^ a re  th e  c o - and c ro s s  p o la r is a t io n  (depe n d in g  on th e  o r ie n t a t io n
o f  th e  p r in c ip le  com ponen t). F o r a d is c u s s io n  on t h i s  t r a n s fo r m a t io n
1 1 O
r e fe re n c e s  '  s h o u ld  be c o n s u lte d .  The t r a n s fo r m a t io n  in t o  th e  0 ^ ^
c o -o r d in a te s  used in  C h a p te r 1 may a ls o  be a p p lie d ,  as g iv e n  in  A ppend ix  8 .
I t  has been shown, th e r e fo r e ,  t h a t  r e l a t i v e l y  s im p le  fo rm s f o r  th e  
a s s y m p to t ic  b e h a v io u r as r  -+ » o f  th e  r a d ia te d  f i e l d s  can be fo u n d . A
G re e n ’ s F u n c tio n  f o r  m ic r o s t r ip  has been d e v e lo p e d , such th a t  th e
108
tw o -d im e n s io n a l c u r r e n t  d is t r ib u t io n s  c a lc u la te d  from  th e  i n f i n i t e  
a r ra y  can be used . I t  i s  no ted  t h a t  p o le s  o f  th e  in te g ra n d  o c c u r  
o u ts id e  th e  re g io n  g iv e n  by th e  r a d ia t in g  w aves, hence need n o t be
in c lu d e d .  These p o le s  re p re s e n t th e  s u r fa c e  w aves, w h ich  do n o t
d i r e c t l y  a f f e c t  th e  r a d ia t io n  p a t te r n  (assum ing  an i n f i n i t e  ground p la n e
and d i e l e c t r i c  s la b ) .  However, t h e i r  p resence  a f f e c t s  th e  c u r r e n t
d i s t r i b u t i o n ,  w h ich  in  tu r n  causes r a d ia t io n  p a t te r n  v a r ia t io n s .  I t  i s  
c le a r ,  th e r e fo r e ,  t h a t  in c lu s io n  o f  th e  s u r fa c e  waves in  th e  i n f i n i t e  
a r r a y  a n a ly s is  i s  e x tre m e ly  im p o r ta n t .
4 .4  P ow er R a d ia te d  b y  th e  F i n i t e  A r r a y
H a v in g  d is c u s s e d  th e  r a d ia t io n  p a t te r n  c a lc u la t io n ,  th e  power lo s s  i s  
c o n s id e re d . The " p e r fe c t  a r r a y "  -  t h a t  i s  p e r fe c t  c o n d u c to rs  and
lo s s le s s  d i e l e c t r i c  s u b s t ra te  -  i s  assumed. The t o t a l  power
le a v in g  th e  a r r a y  can be found  by in t e g r a t io n  o f  th e  r e a l  p a r t  o f  
o u tw a rd  d ir e c te d  P o y n tin g  v e c to r  o v e r a s u r fa c e  e n c lo s in g  th e  a r r a y .
T h is  s u r fa c e  o f te n  used is  a sphere  a t  i n f i n i t y .  O b v io u s ly ,  some
d i f f i c u l t i e s  o c c u r he re  due to  th e  p resence  o f  th e  i n f i n i t e  d i e l e c t r i c
s h e e t c a r r y in g  s u r fa c e  w aves. H ow ever, i f  th e  re g io n  o f  in t e g r a t io n  in
2 2 2 '
th e  k -k ,. p la n e  i s  r e s t r i c t e d  to  th e  k v + k = k c i r c l e ,  o n ly  
y & y z o
r a d ia t i v e  c o n t r ib u t io n s  a re  in c lu d e d .  W h ile  t h i s  i s  a p e r f e c t l y  
re a s o n a b le  a p p ro a ch , i t  was d e c id e d  to  a tte m p t th e  P o y n tin g  v e c to r  
in t e g r a t io n  n o t o v e r a f a r - f i e l d  s p h e re , b u t in s te a d  o v e r a box o f
i n f i n i t e  e x te n t  as d is c u s s e d  b e lo w . T h is  g e n e ra te s  u s e fu l  r e la t io n s  f o r
th e  power r a d ia te d ,  p ro v id e s  f u r t h e r  j u s t i f i c a t i o n  f o r  l i m i t i n g  th e  
re g io n  o f  in t e g r a t io n ,  and se rv e s  as a check on th e  no rm a l f a r - f i e l d  
in t e g r a t io n  te c h n iq u e .
As th e  g round  p la n e  i s  assumed i n f i n i t e ,  a s u i t a b le  c lo s e d  s u r fa c e  i s
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d e f in e d  by a square  box o f  i n f i n i t e  e x te n t ,  as i l l u s t r a t e d  in  F ig u re
4 . 1 .  Thus, th e  s u r fa c e  i s  d e f in e d  by th e  l in e s  y = ±°° , z = ±°° , x =
~ t , 0 .  Any o u tw a rd -d ire c te d  power c ro s s in g  th e  x = 0 p la n e  is
e s s e n t ia l ly  u s e fu l  r a d ia t io n ,  w hereas th a t  c ro s s in g  th e  y = ±°°, z = ±°° , 
b o u n d a rie s  re p re s e n ts  unwanted s u b s t ra te  e f f e c t s  ( s u r fa c e  w a v e s ). 
C o n s id e r th e  u s e fu l  ra d ia te d  pow er.
The r e q u ire d  r e la t io n  he re  is
P , = ~  Re { ra d
2 — OO
j tE„  H*).x dy dz }
. . .  4 .1 8
where th e  a s t e r is k  deno te s  th e  com plex c o n ju g a te .
E xpand ing  th e  f i e l d  in  th e  u s u a l C a r te s ia n  c o - o r d in a te s  g iv e s
p = 1  Re { 
ra d  2
(E H* -  E H*3 dy d z ) 
y z z y
. . .  4 .1 9
C o n s id e r th e  E H * te rm . From b a s ic  f i e l d  e x p a n s io n , t h i s  can be 
w r i t t e n
E H* =y z vo f t k . k  j y y  -  j y  d k  dky z y z
g (k  , k 3 e ^ kz Z + ^ ky y dk dk 
y z  J y z^
. . .  4 .2 0
w i th  f  ( k . , k  .) = 1(1 -  k 3 -  k k m and g (k  *k  3 = C v lJ * . y y y_z y z
k 2 o
These in t e g r a ls  can be ta k e n  as p r e v io u s ly  d e s c r ib e d , o v e r th e  r e a l  k y 
-  k z p la n e , p ro v id e d  any s in g u la r i t i e s  a re  rem oved. As has been n o te d  
p r e v io u s ly ,  such s in g u la r i t i e s  a re  r a p id ly  a t te n u a te d  above th e  s u r fa c e  
and re p re s e n t waves f lo w in g  a lo n g  th e  s t r u c t u r e .  They a re  n o t ,  
t h e r e fo r e ,  c o n s id e re d  a t  t h i s  s ta g e .
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D e fin e  th e  tw o -d im e n s io n a l F o u r ie r  t ra n s fo rm s :
F ( y ,z )  = f t k  , k  ) e' J V  -  j k z z dk dk 
y z y z
GCy,z) = ri t. ■> “ j k  y -  j k  z dk d.kg y* z 0 y  y
A p p l ic a t io n  i s  now made o f  a tw o -d im e n s io n a l fo rm  o f  P a rs e v a l’ s Theorem . 
T h is  g iv e s  th e  i d e n t i t y :
pro ro
F ( y , z ) .  G ( - y , - z )  dydz
= 4tt2 f  (k  , k ) .  g (k  , k ) dk dk y z 43 y ' z y z
so th a t
* 4tt2 io
E* y H z = v j  
0 -
f ( k  , k ) ,  g ( k  , k ) dk dk 
y z y z y z
w ith  f  ( k y , k 2 ) .  g (k y# k ^ )  = ( v l ) *  (1 (1  -  k2 ) -  ky kzm)
I T 2
o o
. .  4 . 2 1
Now c o n s id e r  th e  te rm  E H  # . By a n a lo g y  t h is  can be w r i t t e n  
oo z y
E H *  = 47T2o)z y
Vo
( m )* (m(1 -  k 2 ) -  k k 1) dk dk 
z, y z  y z
o o
w h ich  g iv e s  th e  r e s u l t :
00
n 2tT2W
ra d Re { ( V l ) *  (1 (1  -  k 2)  - k k m)y y z
I T 2* k 2o o
+ (vm)* (m(1 -  k 2 ) -  l k  k )} d k  dk 
z y z y z
2 2 k k
. .  4 .2 2
The e x p re s s io n  f o r  1 , m a re  g iv e n  by e q u a tio n s  4 .9 ,  4 .1 0  and a re ,  o f  
c o u rs e , fu n c t io n s  o f  th e  c u r r e n t  d i s t r i b u t i o n .
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F in a l l y ,  c o n s id e r  th e  k e rn e l o f  e q u a tio n  4 .2 2 . W ith  a l i t t l e  
m a n ip u la t io n ,  t h i s  can be w r i t t e n :
I M 2 ( 1 -  t y )
X T
o
k k m l* + Im l2 (1 + k 2 ) -  k k m *l 
y z 1 1 z y z
k 2 F "2  ' J k "2
O 0 0
4 .2 3
O f th e  e x p re s s io n  in  squa re  b ra c k e ts ,  th e  o n ly  p o s s ib le  n o n - re a l 
c o n t r ib u t io n  i s  fro m  th e  te rm s :
K K-  . . .  4 .24
(m l*  + m * l)
k z
H ow ever, fro m  e q u a tio n s  4 . 9 ,  4 . 1 0 ,  i t  i s  c le a r  t h a t  1 , m may be w r i t t e n
ro ro
1 = a .  I  + a_ I  
1 y 2 z
ro ro
and m = a3 I z + a2 I
th u s  th e  te rm  4 .2 4  i s  w r i t t e n
ky Kz
K 2O
1 a3
r o r o  r o r o  _ ro ro r o r o
( I *  I  + I *  I  ) + a2 ( I  I *  + I *  I  ) 
y z  z y  2 z y y z
T h e re fo re ,  p ro v id e d  th e  c o e f f ic ie n t s  a  ^ , a 2 , a ^ a re  r e a l ,  th e
2 2 ?
b ra c k e tte d  te rm  in  4 .2 3  i s  r e a l .  O u ts id e  th e  c i r c l e  k y + k z = k ^ 
i n  th e  wavenumber p la n e , v i s  a lw ays  im a g in a ry , w ith  8 r e a l  o r  
im a g in a ry .  By in s p e c t io n ,  how ever, under th e se  c o n d it io n s  a  ^ , a 2 , 
a re  a lw ays  r e a l .  Hence th e  in te g ra n d  o f  4 .2 2  i s  p u re ly  im a g in a ry  
o u ts id e  t h i s  c i r c l e  due to  v b e in g  im a g in a ry . Hence 4 .2 2  may be
r e - s t a te d :
2tt2o)
ra d V.
Re
f
. .
v *  ( | l | 2 (1 -  k 2 ) + |m |2 (1 -  k 2 ) 
y z
-  k k (m l*  + m * U )  dk dk
j l z . y z
K 2 o
. . .  4 .2 5
2 2 2
where S d e n o te s  th e  c i r c l e  k;y + k z = k Q in  th e  k;y , k z p la n e
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T h is  l i m i t a t i o n  to  th e  in te g ra n d  l i m i t s  i s ,  o f  c o u rs e , exp e c te d  due to  
th e  n a tu re  o f  th e  wave s o lu t io n s  when v i s  im a g in a ry ,  as d is c u s s e d  in
4 .1 .
4 .5  Summary
In  t h i s  C h a p te r, th e  c u r r e n t  d i s t r i b u t i o n  c a lc u la te d  as a r e s u l t  o f  th e  
i n f i n i t e  a r r a y  a n a ly s is  has been a p p lie d  to  a f i n i t e  s t r u c t u r e .  The 
a ssu m p tio n  i s  made th a t  th e  c u r r e n t  d i s t r i b u t i o n  a c ro s s  each p e r io d  o f  
th e  a r ra y  re m a in s  u n a lte r e d .  By e n fo rc in g  c u r r e n t  c o n t in u i t y ,  th e  
e f f e c t i v e  le v e l  o f  th e  c u r r e n t  d i s t r i b u t i o n  in  n e ig h b o u r in g  p e r io d s  i s  
d e r iv e d .
H a v in g  found  th e  c u r r e n t  d i s t r i b u t i o n  under th e s e  a s s u m p tio n s , a G re e n ’ s 
F u n c t io n  f o r  th e  n o n - p e r io d ic  m ic r o s t r ip  e n v iro n m e n t has been d e v e lo p e d . 
I n t e g r a t io n  o f  t h i s  y ie ld s  th e  f i e l d  d i s t r i b u t i o n  in  th e  v a r io u s  m e d ia . 
The a s s y m p to t ic  b e h a v io u r  a t  i n f i n i t y  o f  th e  f i e l d s  in  th e  e x t e r io r  
r e g io n  has been exam ined . From t h i s  e x p re s s io n s  f o r  th e  f a r - f i e l d  
r a d ia t io n  p a t te r n s  have been d e te rm in e d  and th e  t h i r d  Ludw ig d e f i n i t i o n  
o f  c o -  and c r o s s - p o la r is a t io n  im p le m e n te d .
F in a l l y ,  th e  ra d ia te d  power has been c a lc u la te d  v ia  c o n s id e r a t io n  o f  th e
x - d ir e c te d  n e a r - f ie ld  P o y n tin g  v e c to r .  I t  i s  c o n firm e d  th a t  o n ly  th o s e
p a r ts  o f  th e  s p e c t r a l  re g io n  c o rre s p o n d in g  to  v i s i b l e  waves ( t h a t  i s
2 2 2
l y in g  w i t h in  th e  k + k = K c i r c l e )  c o n t r ib u te  to  th e  r a d ia te d
y z o
pow er, as e x p e c te d .
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FIG. 4*1. Poynting Vector Integration Surface
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I n  p re v io u s  c h a p te rs  th e  n e ce ssa ry  e q u a tio n s  f o r  th e  a n a ly s is  o f  an 
i n f i n i t e ,  p e r io d ic  m ic r o s t r ip  a r ra y  have been d e r iv e d .  F u r th e rm o re , a 
m ethod has been shown w hereby th e  i n f i n i t e  a r ra y  r e s u l t s  may be used to  
c a lc u la te  th e  pe rfo rm a n ce  o f  a f i n i t e  a r r a y .  In  t h is  c h a p te r  th e  
n u m e r ic a l im p le m e n ta tio n  o f  th e s e  e q u a tio n s  i s  d is c u s s e d .
5 * Is  I n f i n i t e  A r r a y  A n a ly s is  -  R e a l A x is  I n t e g r a t i o n
C h a p te r 3 and A ppend ices 1 and 2 d e r iv e d  e q u a tio n s  f o r  th e  e le m e n ts  o f  
m a tr ic e s ' Ity £5 and' [T, w h ich  by s u i t a b le  m a n ip u la t io n  y ie ld  th e  k zq
p ro p a g a tio n  c o n s ta n t and th e  unknown c u r r e n t  d i s t r i b u t i o n  ( i n  
tw o -d im e n s io n s )  o f  a s p e c i f ie d  a r r a y  ge o m e try . These e q u a tio n s  a re  
sum m arised in  T a b le  5 .1 ,  when th e  q u a n t i t y  6h, a s m a ll i n t e r v a l  in  x ,  
has been in t ro d u c e d .  T h is  im p l ie s  th e  e q u a tio n s  a re  e v a lu a te d  ju s t  above 
th e  in t e r f a c e  (x  = 6 h ) and th e  l i m i t  • $h  □ ta k e n  f o r  no rm a l
m ic r o s t r ip .  The re a so n s  f o r  t h i s  a re  d iscu ss e d  b e lo w . C ho ice  o f  
in t e g r a t io n  c o n to u r  was d is c u s s e d  in  C hap te r 3 and i t  was shown th a t  th e  
R ea l A x is  was a s u i t a b le  c o n to u r .
The te c h n iq u e  adopted  f o r  t h i s  in t e g r a t io n  is  e s s e n t ia l ly  a c o m b in a tio n
o f  a n a ly t ic  and n u m e r ic a l te c h n iq u e s .  For each o f  th e  e q u a tio n s  an
2 2 2 2 
a p p ro x im a tio n  i s  s o u g h t w henever J k ^  + k z |>> k e^> k q . F o r
lo w  o rd e r  h a rm o n ic s , t h is  c o n d i t io n  may o n ly  be met i f  Ik I i s  la r g e .1 y1 s«&
A t h ig h  o rd e r  h a rm o n ic s , i t  i s  t r u e  f o r  a l l  k .
y
C o n s id e r f i r s t  th e  low  o rd e r  h a rm on ic  a p p ro x im a tio n . A ppend ix  7 d e r iv e s
a p p ro x im a te  fo rm s a t  la r g e  Ik  | f o r  th e  fu n c t io n s  R , S , T1 y l r p  r p  1 rp*
In  t h i s  way th e s e  a p p ro x im a te  s o lu t io n s  a re  v a l id  f o r  th e  e n t i r e  r e a l
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a x is  e x c e p t f o r  th e  re g io n  a round  th e  o r ig in  when | k  + k ^  | > /
k02er » L e t t h is  re g io n  be d e f in e d  by th e  p o in ts  ±k yQ (a  s y m m e tr ic a l 
re g io n  i s  assum ed). The a p p ro x im a te  fo rm s a re  in te g r a b le  a n a ly t i c a l l y  
fro m  ±k to  ± i n f i n i t y .  Hence, a n u m e r ic a l in t e g r a t io n  i s  used
a lo n g  th e  r e a l  a x is  in  th e  re g io n  up to  th e  p o in ts  k yQ , and th e n  th e
a n a ly t i c a l l y  d e r iv e d  f a c t o r  added. In  t h i s  way, th e  e x te n t  o f  th e
n u m e r ic a l in t e g r a t io n  can be m in im is e d . In  p r a c t ic e ,  th e  n u m e r ic a l 
in t e g r a t io n  r o u t in e  used i s  a m o d if ie d  1 0 -p o in t G aussian  te c h n iq u e  and 
g re a t  ca re  i s  ta k e n  to  ensure  th e  a p p ro x im a te  fo rm  o f  th e  in t e g r a l  i s  
v a l id  b e fo re  te r m in a t in g  th e  r o u t in e .
In  a c h ie v in g  th e  a n a ly t ic  in t e g r a t io n  use i s  made o f  th e  p resence  o f  th e
f a c t o r  6 h , an i n f i n i t e s i m a l ,  q u a n t i t y  in  x .  A re c e n t paper by
120A le x o p o u lo s  e t  a l  c o n f irm s  t h is  to  be a v a l id  a p p ro a ch .
A le x o p o u lo s  exam ines th e  in t e g r a l  fo r m u la t io n  f o r  a s m a ll d ip o le  on a 
grounded d i e l e c t r i c  s la b .  E q u a tio n s  a re  d e r iv e d  assum ing an 
in f i n i t e s i m a l -  th ic k n e s s  d ip o le  b u t a re  e v a lu a te d  assum ing a f i n i t e  (b u t  
s m a ll)  r a d iu s .  The d ip o le  c e n tre  i s  assumed on th e  in t e r f a c e  and th e
f i e l d s  e v a lu a te d  a t  th e  uppe r s u r fa c e .  T h is  i s  ana log ous to  th e
app roach  adopted  h e re , and a llo w s  th e  a n a ly t ic  in t e g r a t io n  to  be
a c h ie v e d .
The a n a l y t i c a l l y  d e r iv e d  fa c to r s  a re  shown in  A ppend ix  7 to  in c lu d e  th e
E x p o n e n tia l I n t e g r a l  F u n c tio n  in  th e  case o f  S r p  and th e  In c o m p le te
Gamma F u n c tio n  f o r  T . B o th  th e s e  can be e v a lu a te d  v ia  s e r ie s
rp
a p p ro x im a t io n s .
The n u m e r ic a l in t e g r a t io n  can be f u r t h e r  reduced  by th e  use o f  sym m etry .
W r i t in g  th e  in te g ra n d  o f  th e  R S ^  and T fu n c t io n s  in  th erp  rp  rp
g e n e ra l fo rm  (k  ) e J s k v , i t  i s  c le a r  t h a t  n y J
By in s p e c t io n  o f  th e  r e le v a n t  e q u a t io n ,  R ^  , T ^  a re  o f  th e  fo rm  5.1
( a ) .  The fu n c t io n  S i s  more d i f f i c u l t ,  b u t can be s u b -d iv id e d  in t o
rp
th e  sym m e tric  (e q u a t io n  5 .1  (a )  a p p lie s )  and a n t i- s y m m e tr ic  p a r ts
(e q u a t io n  5 .1  (b )  a p p l ie s ) .  Symmetry may a ls o  be a p p lie d  th ro u g h o u t th e  
m a t r ix  under some c o n d i t io n s .  I f  th e  antenna s t r u c tu r e  to  be a n a lyse d  
is  s p l i t  i n t o  NR segm ents and each segment has id e n t i c a l  d im e n s io n s , 
th e n  th e  v a r io u s  m a tr ic e s  a re  e i t h e r  s y m m e tric , a n t i- s y m m e tr ic  o r  a 
c o m b in a tio n  o f  b o th .  T hus, o n ly  one h a l f  o f  th e  m a tr ic e s  need be 
e x p l i c i t l y  e v a lu a te d . F u rth e rm o re , th e  d ia g o n a l e le m e n ts  ( r  = p) a re  
i d e n t i c a l .  T h is  o b v io u s ly  re d u ce s  th e  com puter ru n  t im e .  H ow ever, use 
o f  e q u a l segm ents does somewhat c o n f in e  th e  g e o m e tr ie s  w h ich  can be 
s tu d ie d .  In  many c a s e s , many more segm ents a re  needed th a n  i f  unequ a l 
d im e n s io n a l segm ents a re  use d . Thus, i t  i s  o f te n  more e f f i c i e n t  to  
a l lo w  n o n -e q u a l segm ents even though  th e  sym m etry in  th e  m a t r ix  
c a lc u la t io n  does n o t th e n  o c c u r .  Two form s o f  th e  program  were w r i t t e n ,  
t h e r e fo r e ,  f o r  e q u a l and n o n -e q u a l segm ents.
A t te n t io n  is  now tu rn e d  to  th e  h ig h e r  o rd e r  F lo q u e t h a rm o n ic s . In  t h i s
ca s e , a v a lu e  o f  n w i l l  e x is t  (d e p e n d in g  on th e  p e r io d ic i t y )  where
Ik 2 1»  k 2e . Under th e s e  c irc u m s ta n c e s  an a p p ro x im a te  fo rm  o f  th e  
1 zn 1 o r
e q u a tio n s  i s  v a l id  f o r  a l l  v a lu e s  o f  k . These a p p ro x im a te  a n a ly t ic
fo rm s f o r  th e  v a r io u s  fu n c t io n s  a re  d e r iv e d  (A p p e n d ix  7 ) f o r  th e  n 
t  hand th e  -n  te rm , c a re  b e in g  ta k e n  to  ensure th e  c o r r e c t  b ranch  o f  v 
i s  chosen (C h a p te r 3 ) .  T h is  th e n  a llo w s  an e f f i c i e n t  means f o r  
in c lu d in g  h ig h e r  o rd e r  F lo q u e t modes in t o  th e  a n a ly s is .  In  p r a c t ic e
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o n ly  a f i n i t e  v a lu e  o f  n i s  used in  th e  ha rm on ic  e x p a n s io n s . The 
convergence  o f  th e  v a lu e  o f  | T -  S.R ~LsJ (C h a p te r 3) i s  te s te d  as n 
i s  in c re a s e d .
5 .2  E v a lu a t io n  o f  th e  R e s id u e s
As p o in te d  o u t in  C h a p te r 3 th e  p o s i t io n s  o f  th e  r e a l  g ^  (p ro p e r )  p o le s
can be found  v ia  s o lu t io n s  to  th e  e q u a tio n s :
2 2 2 
q + r  = a
°  2 2 
-2 q  c o t  ( 2 q ) r  + q (1 + e  ) = a e
M r  o r
. . .  5 .2
w ith
8 t =  q 
n
vn t =  j r
a „ 2 : k n2 ( £ - 1 )  t 2 . . .  5 .3o o r
These t ra n s c e n d e n ta l e q u a tio n s  can be s o lv e d  by an in t e r v a l  h a lv in g
2
te c h n iq u e . T h is  g iv e s  s o lu t io n s  f o r  8 ^  from  w h ich  k ^  can be d e r iv e d  
f o r  any g iv e n  h a rm o n ic . The re s id u e s  a re  th e n  c a lc u la te d  and th e s e  
in c lu d e d  in  th e  in t e g r a l  a c c o rd in g  to  th e  r u le s  o f  C h a p te r 3 *5 .
In  t h i s  w ay, th e  p o s i t io n s  and hence th e  r e s id u e s ,  o f  th e  v a r io u s  
ha rm on ics  can be c a lc u la te d  in  a r e l a t i v e l y  e f f i c i e n t  m anner.
5 -3  N u m e r ic a l Im p le m e n ta t io n
U s in g  th e  approaches o u t l in e d  in  C h a p te rs  5 .1 , 5 .2 ,  a FORTRAN 77 com pute r 
p rogram  has been d e v e lo p e d . FORTRAN 77 was chosen f o r  i t s  a b i l i t y  ( a t  
le a s t  in  th e  c o m p ile r  a v a i la b le  to  t h i s  a u th o r )  to  e a s i ly  u t i l i s e  
d o u b le -p re c is io n  com plex number a r i t h m e t ic .
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N ot o n ly  does t h i s  ease th e  program  d e ve lop m en t, b u t as in v e rs e  and 
d e te rm in a n ts  o f  com plex m a tr ic e s  a re  used , w i l l  h e lp  m in im is e  n u m e r ic a l 
d i f f i c u l t i e s .
I n i t i a l l y ,  a d a ta  f i l e  i s  p re p a re d  c o n ta in in g  th e  fre q u e n c y ,  d i e l e c t r i c  
c o n s ta n t  and board th ic k n e s s .  The p e r io d ic  geom etry  to  be a n a ly s e d  i s  
s p l i t  i n t o  a g r id  o f  segm ents , o f  t o t a l  number NR. I f  i t  appea rs  
re a s o n a b le  to  use e q u a l d im e n s io n  segments a v e rs io n  o f  th e  program  i s  
used w h ich  u t i l i s e s  th e  sym m e trie s  d is cu sse d  in  5 .1 .  O th e rw is e , th e  
f u l l  program  i s  used w ith  NR n o n -e q u a l segm ents. In p u t  d a ta  is  
assem bled b a s ic a l ly  in  th e  fo rm  o f  NR ( y ,z )  c o - o r d in a te  p a ir s  w h ich  
s p e c i fy  th e  c e n tre  p o in ts  o f  th e  NR segm ents. H a lf-d im e n s io n s  f o r  each 
segm ent a re  s p e c i f ie d  as ( A y r  , A z ^ ) p a i r s .
I n  p r a c t ic e  an a dequ a te  number o f  segm ents s h o u ld  be use d . T h is  number 
i s  n o t ,  o f  c o u rs e , im m e d ia te ly  o b v io u s  f o r  any p a r t i c u la r  g e o m e try . In  
f a c t  one a re a  o f  i n t e r e s t  in  t h i s  s tu d y  i s  th e  e x te n t  to  w h ich  any 
g eom etry  can be a p p ro x im a te d . The number o f  segm ents used i s  d e c id e d  
e m p ir ic a l ly  by r a d ia t io n  p a t te r n  c a lc u la t io n s .  F o r a g iv e n  c e l l  geo­
m e try , th e  number o f  segm ents i s  in c re a s e d  and th e  r e s u l t a n t
p a t te r n s  com pared. In  t h i s  w ay, i t  can be seen t h a t  some p r a c t i c a l  
e x p e r ie n c e  w ith  th e s e  s t r u c tu r e s  i s  e x tre m e ly  u s e fu l  in  d e c id in g  i n i t i a l  
s e g m e n ta tio n  le v e ls .  T h is  p o in t  i s  d is c u s se d  in  C h a p te r 7 . A maximum 
number o f  segm ents, NR, i s  g iv e n  in  th e  program  as 60, w h ich  is  more 
th a n  adequa te  f o r  m ost g e o m e tr ie s .
On ru n n in g ,  th e  program  i n i t i a l l y  lo c a te s  th e  v a lu e s  o f  k
c o rre s p o n d in g  to  th e  p o le s .  N e x t, th e  r e a l  a x is  in t e g r a t io n  i s
thu n d e rta k e n  f o r  th e  z e ro  h a rm o n ic . The q u a n t i t y  k i s  i n i t i a l l y  s e t  
e q u a l to  an in p u t  d a ta  v a r ia b le ,  known as th e  in c re m e n t v a lu e .  
I n te g r a t io n  between th e  o r ig in  and k is  a c h ie v e d  u s in g  a 10 p o in t
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G aussian  te c h n iq u e  . T h is  te c h n iq u e  is  chosen f o r  i t s  known
e f f i c ie n c y  ( in  te rm s o f  e x e c u tio n  t im e )  and a c c u ra c y . N ext th e  v a lu e  o f  
k  yQ i s  in c re a s e d  by th e  in t e g r a t io n  in c re m e n t and th e  in t e r v a l  between 
o ld  and new v a lu e s  o f  k in t e g r a t e d , a g a in  by th e  G aussian  te c h n iq u e . 
A t each in t e g r a t io n  p o in t  a t e s t  i s  made as to  th e  v a l i d i t y  o f  th e  
a p p ro x im a te  s o lu t io n s  to  th e  f u n c t io n s .  P ro v id e d  th e  t e s t  i s  p o s i t i v e  
f o r  a l l  p o in ts  and th e  c o n d i t io n
k  2 > 100 ( k- 2 e -  k  2 ) . . .  5 .1 2
Y 0 r  zo
is  met ( th e  f a c t o r  o f  100 b e in g  e m p ir ic a l ly  d e r iv e d ) , th e n  in t e g r a t io n  i s  
te rm in a te d  and th e  a n a ly t ic  f a c t o r  com puted. I f  th e  t e s t  i s  n e g a tiv e  
f o r  any p o in t ,  o r  5 .1 2  i n v a l i d ,  th e  n u m e ric a l in t e g r a t io n  i s  ex tended by 
an a d d i t io n a l  in t e g r a t io n  in c re m e n t and th e  p ro ce ss  c o n t in u e d . I t  i s  
re c o g n is e d  th a t  in  th e  case o f  fu n c t io n  S ^  , th e  a sym m e tric  and 
sym m e tric  p a r ts  a re  in te g r a te d  i n d iv id u a l l y  and th e  c o m p le te  f u n c t io n  
re c o n s tru c te d  b e fo re  t e s t in g .  As th e  v a r io u s  fu n c t io n s  w i l l  co n ve rg e  to  
t h e i r  a p p ro x im a tio n  a t  d i f f e r e n t  r a te s ,  th e  program  a llo w s  th e  v a r io u s  
in te g r a t io n s  to  be te rm in a te d  a t  d i f f e r e n t  v a lu e s  o f  k y. The re s id u e  
c o n t r ib u t io n s  a re  e v a lu a te d  a c c o rd in g  to  th e  r u le s  o f  C h a p te r 3 and 
added to  th e  i n t e g r a l .
The ha rm on ic  number i s  th e n  in c re a s e d  by one. I t  was fo u n d  
c o m p u ta t io n a lly  s im p le r  to  add th e  ha rm on ics  in  p a i r s .  Thus a h a rm on ic  
number o f  1 im p l ie s  b o th  ±1 h a rm on ics  a re  in c lu d e d .  A t e s t  i s  made f o r  
th e  c o n d i t io n :
O o
I k  I *  k  e x 100 . . .  5 .131 zn o r
I f  t h i s  i s  t r u e ,  th e  a p p ro x im a te  fo rm s o f  th e  in t e g r a t io n  fu n c t io n s  a re  
te s te d  assum ing k y = 0 . In  a s e r ie s  o f  t r i a l s  th e  c o n d it io n  5 .1 3  was 
found  to  be adequ a te  f o r  th e  v a l i d i t y  o f  th e  a p p ro x im a te  fo rm s . Then 
th e  h ig h e r  o rd e r  ha rm on ic  c o n t r ib u t io n s  can be s im p ly  added. I f  th e  
c o n d it io n  5 .1 3  (o r  indeed  th e  fu n c t io n s  t e s t )  i s  n e g a t iv e  th e  h a rm o n ic
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thd is c u s s e d  above f o r  th e  z e ro  ha rm on ic  ca se . F o r each ha rm on ic  th e  
p o le  p o s i t io n s  in  k space a re  c a lc u la te d  and th e  re s id u e s  e v a lu a te d .
contribution is included by the real axis integration technique
When e v a lu a t in g  th e  v a r io u s  a p p ro x im a te  in t e g r a t io n s ,  v a r io u s  s p e c ia l
fu n c t io n s  a re  r e q u ire d  (A ppend ix  7 ) .  These a re  e v a lu a te d  u s in g  a
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v a r ie t y  o f  s e r ie s  a p p ro x im a tio n s  7 and i t e r a t i o n  fo rm u la e . The
v a l i d i t y  o f  th e s e  a p p ro x im a tio n s  was te s te d  a g a in s t  s ta n d a rd  ta b le s  f o r  
a w id e  range  o f  a rg u m e n t.
“ 1 if
A f t e r  each in c re a s e  in  th e  ha rm on ic  number th e  d e te rm in a n t j T -  jS .j} .S ] 
i s  e v a lu a te d .  In  d o in g  t h i s ,  m ust be n o n -s in g u la r  and a t e s t  
c o n d i t io n  i s  a p p lie d  f o r  th e  v a l i d i t y  o f  th e  in v e rs e  by r e - in v e r s io n  and 
co m p a riso n  ( i n  p r a c t ic e ,  no p rob lem s have been ob se rve d  in  t h i s  a r e a ) .  
I f  th e  d e te rm in a n t i s  changed by 556 o r  le s s  o f  th e  p re v io u s  v a lu e ,  i t  i s  
a d ju d g e d  p ro b a b ly  to  have co n v e rg e d . In  t h i s  case th re e  a d d i t io n a l  
h a rm o n ic  p a ir s  a re  added and th e  convergence  t e s t  re p e a te d . I f  th e  
v a lu e  i s  s t i l l  unchanged, i t  i s  assumed convergence  has been a c h ie v e d . 
W h ile  t h i s  i s  n o t a fo rm a l convergence  t e s t ,  i t  has been found  in  
p r a c t ic e  to  be adequa te  and r e l a t i v e l y  s im p le  to  im p le m e n t.
By t h i s  r e l a t i v e l y  c o m p lic a te d  program m ing a p p ro a ch , th e  r e le v a n t  
d e te rm in a n t has been r e la te d  to  a v a lu e  o f  th e  p ro p a g a tio n  c o n s ta n t 
|<^ o (w h ich  i s  known to  be c o m p le x ) . The use o f  com bined a n a ly t ic  and 
n u m e r ic a l in t e g r a t io n ,  th e  sym m etry p ro p e r t ie s  o f  th e  in t e g r a ls  and 
a p p ro x im a te  fo rm s a t  la r g e  n enab led  a r e l a t i v e l y  e f f i c i e n t  programme 
s t r u c t u r e .  F u r th e rm o re , h ig h e r  o rd e r  ha rm on ics  can be e a s i ly  added. The 
c a lc u la t io n  o f  th e  p o s i t io n  o f  th e  p o le s  depends on th e  s o lu t io n  to  th e  
e q u a tio n s  5 .2 ,  5 .3  w h ich  need o n ly  be s o lv e d  once f o r  a g iv e n  s e t  o f  
board  p a ra m e te rs  and fre q u e n c y .
A l l  t h a t  re m a in s  is  to  se a rch  f o r  th e  (com p lex) v a lu e  o f  k when th ezo
— 1
d e te rm in a n t o f  \T_ -  S^ .R^  ”  . Sj i s  z e ro .  S e v e ra l such com plex s e a rc h
1 1 6
r o u t in e s  have been d e v is e d  . In  t h i s  program  an in t e r v a l  h a lv in g  
p ro ce ss  i s  a p p lie d  to  th e  r e a l  p a r t  o f  k zq and a minimum o f  th e  
d e te rm in a n t fo u n d . Then th e  im a g in a ry  p a r t  i s  c o n s id e re d  in  a s im i la r  
way u n t i l  a minimum is  fo u n d . S t r i c t l y ,  t h i s  ty p e  o f  approach  can have 
d i f f i c u l t i e s  in  th a t  f a ls e  m inim a may o cc u r when c o n s id e r in g  th e  r e a l  
and im a g in a ry  p a r ts  in d e p e n d e n t ly .  Such fa ls e  s o lu t io n s  may be a vo id e d  
by in s t r u c t in g  th e  program  to  se a rc h  f o r  a l l  m inim a in  a range  and 
compare th e  v a lu e s  o f  th e  d e te rm in a n t p ro d u ce d .
O b v io u s ly ,  such a se a rch  a lg o r ith m  can be in o r d in a te ly  lo n g  in  te rm s o f
ru n  t im e  u n le s s  a re a s o n a b le  a p p ro x im a tio n  to  th e  s o lu t io n  i s  known.
T h is  can o f te n  be found  fro m  s im p le  th e o r ie s .  F u rth e rm o re , i t  i s  n o te d
th a t  Im (k  ) i s  s m a ll i n  th e  no rm a l g e o m e tr ie s  c o n s id e re d  ( lo w  
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r a d ia t io n  lo s s  p e r p e r io d ) .
The s o lu t io n  a c h ie v e d  w i l l  have th e  d e te rm in a n t n o rm a lly  n o n -z e ro , 
a lth o u g h  s m a ll.  The c o - fa c to r  m a n ip u la t io n  te c h n iq u e  d e s c r ib e d  in  
A ppend ix  3 i s  th e n  used to  f in d  a r e s u l t .  W h ile  t h is  i s  n o t 
m a th e m a tic a l ly  r ig o r o u s  f o r  n o n -z e ro  d e te rm in a n ts , an a p p ro x im a te  
s o lu t io n  f o r  th e  c u r r e n t  d i s t r i b u t i o n  can be fo u n d . T h is  m a n ip u la t io n  
i s  a c h ie v e d  by a second com pute r p rog ram .
The r e s u l t in g  c u r r e n t  d i s t r i b u t i o n  can th e n  be a p p lie d  to  a f i n i t e  a r r a y  
o f  e i t h e r  l i k e ,  o r  by s u c c e s s iv e  ru n s ,  u n l ik e  e le m e n ts . T h is  p ro ce ss  
was d e s c r ib e d  in  C h a p te r 4 , and i s  based on e n fo rc in g  c u r r e n t  c o n t in u i t y  
betw een e le m e n ts . An a d d i t io n a l  a t te n u a t io n  c o n s ta n t to  a l lo w  f o r  th e  
l i n e  ohm ic lo s s e s  can a ls o  be a p p l ie d .  T h is  i s  a ch ie ve d  by 
a p p ro x im a tin g  th e  lo s s  to  t h a t  in  a s im p le  l i n e  o f  le n g th  dependent on 
th e  geom etry  c o n s id e re d . T h is  i s  c a lc u la te d  m a n u a lly , and i s  o b v io u s ly
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a p p ro x im a te . H ow ever, as th e s e  lo s s e s  p e r p e r io d  a re  n o rm a lly  
r e l a t i v e l y  lo w , a re a s o n a b le  la t i t u d e  e x is ts  in  th e  lo s s  c a lc u la t io n  
a c c u ra c y . I t  must be em phasised th a t  th e  program  i s ,  o f  c o u rs e , o n ly  
d i r e c te d  to w a rd s  c a lc u la t io n  o f  r a d ia t io n  p a t te r n  phenomena, and as 
p r e v io u s ly  n o te d , t h i s  im p l ie s  an a p p ro x im a te  c u r r e n t  d i s t r i b u t i o n  i s  
p ro b a b ly  s u f f i c i e n t .  The e q u a tio n s  o f  C h a p te r 4 a re  e a s i ly  im p le m e n te d . 
The r e la t i v e  power i n  th e  c o - and c r o s s - p o la r iz a t io n  can be o b ta in e d  by 
p a t te r n  in t e g r a t io n .  T h is  em ploys a tw o -d im e n s io n a l v a r ia n t  o f  th e  
1 0 -p o in t  G aussian  te c h n iq u e  used th ro u g h o u t th e  a n a ly s is .
5 .4  Summary
T h is  c h a p te r  has d e s c r ib e d  a p o s s ib le  im p le m e n ta tio n  o f  th e  e q u a tio n s  
d e r iv e d  in  C h a p te rs  3 and 4 . To m in im is e  n u m e r ic a l d i f f i c u l t i e s  
d o u b le - p r e c is io n  com plex numbers a re  used w h e re ve r n e ce ssa ry  (FORTRAN 
7 7 ) .  Use o f  a p p ro x im a te  in t e g r a t io n  te c h n iq u e s  and sym m etry p r o p e r t ie s  
m in im is e  th e  r u n - t im e ,  a lth o u g h  t h i s  can s t i l l  be lo n g  (C h a p te r 6 ) .
I t  i s  em phasised th a t  d e v e lo p in g  s o ftw a re  o f  t h i s  c o m p le x ity  can o n ly  be 
s u c c e s s fu l ly  a c h ie v e d  w ith  g re a t  c a re .  To t h i s  end, th e  program  is  
s t r u c tu r e d  v ia  e x te n s iv e  use o f  s u b ro u t in e s  to  f a c i l i t a t e  optim um  
program  deve lopm ent and f a u l t  t r a c in g .
I t  must be a cce p te d  th a t  t h is  ty p e  o f  s t r u c tu r e  c a n , in  some c a s e s , 
cause in e f f ic ie n c e s  in  te rm s o f  r u n - t im e .
The program  deve lopm ent d e s c r ib e d  he re  is  in te n d e d  to  exam ine th e  
v a l i d i t y  o f  th e  f l e x i b l e  t h e o r e t ic a l  app roach  to  m ic r o s t r ip  
t r a v e l l in g - w a v e  an tenna  d eve lop ed  in  C hap te r 3 . T h is  in c lu d e s  n o t o n ly  
th e  i n f i n i t e  a r r a y  a p p ro x im a t io n ,  b u t a ls o  th e  use o f  r e c ta n g u la r  p u ls e
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b a s is  fu n c t io n s .  W h ile  an optim um  approach  to  th e  im p le m e n ta tio n  has 
been a tte m p te d , i t  i s  f e l t  t h a t  t h i s  may be im proved  (C h a p te r 7 ) .  
N o n e th e le s s , an e x tre m e ly  u s e fu l  and w o r th w h ile  program  has been 
d e v e lo p e d , th e  r e s u l t s  from  w h ich  a re  d is cu sse d  in  C h a p te r 6 .
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U s in g  th e  s u i t e  o f  p rogram s d is c u s s e d  in  C hap te r 5 , v a r io u s  m ic r o s t r ip  
s t r u c tu r e s  have been a n a ly s e d .
In  C h a p te r 2 , an e x p e r im e n ta l p ro ce d u re  was d e s c r ib e d  w hereby a s e t  o f  
r e l a t i v e l y  s h o r t  an tenn as a re  used to  exam ine th e  e f f e c t s  o f  
p e r io d - to - p e r io d  geom etry  change s. These r e s u l t s  a re  used in  th e  
v a l id a t io n  o f  th e  i n f i n i t e  a r r a y  th e o r y .  When a p p ly in g  th e  th e o ry  to  
such s t r u c tu r e s ,  a c c u ra c y  may be l im i t e d  by a number o f  f a c t o r s .
F i r s t l y ,  i f  th e  a r ra y  i s  o f  v e ry  few  e le m e n ts , none o f  th e s e  w i l l  be in  
an a p p ro x im a te ly  i n f i n i t e  a r r a y  e n v iro n m e n t. T h is  i s  p a r t i c u la r l y  t r u e  
i f  a s m a ll in te r - e le m e n t  s e p a ra t io n  is  used w h ich  may in d u c e  h ig h  m u tu a l 
c o u p l in g .  In  any e v e n t,  th e  s h o r t  a r r a y  im p lie s  th e  edge e le m e n ts  make 
a g r e a te r  c o n t r ib u t io n  to  th e  o v e r a l l  r a d ia t io n  p a t te r n  th a n  in  th e  
case o f  a lo n g  a r r a y ,  and hence may in d u c e  in a c c u ra c y .  F u r th e rm o re , 
in  p r a c t ic e , -  th e  t r a n s i t io n s  w i l l  r a d ia te .  T h is  i s  n o t in c lu d e d  in  
th e  c a lc u la t io n s ,  and w i l l  be a t  a r e l a t i v e l y  h ig h e r  le v e l  f o r  th e  s h o r t  
th a n  th e  lo n g  a r r a y .  F in a l l y ,  th e  ground p la n e  in  p r a c t ic e  w i l l  be 
f i n i t e .  Thus, s i g n i f i c a n t  r a d ia t io n  may o c c u r in  th e  re a r  h e m isp h e re . 
Such r a d ia t io n  c a n n o t,  o f  c o u rs e , be computed by th e  th e o ry  o f  C h a p te rs  
3 and 4 , a lth o u g h  C h a p te r 7 comments f u r t h e r  on t h i s .  I t  i s  n o te d  th a t  
in  p r a c t ic e  o n ly  low  le v e ls  o f  r a d ia t io n  beh ind  th e  g round  p la n e  were 
m easured in  th e  t e s t  a r ra y s  o f  C h a p te r 2 .
As th e  t e s t  a r ra y s  o f  C h a p te r 2 were some 10^Q lo n g , and o n ly  v e ry  low  
le v e ls  o f  r a d ia t io n  b e h in d  th e  g round  p la n e  w ere m easured, th e  g r e a te s t  
p o t e n t ia l  so u rce  o f  e r r o r  in  th e s e  p r e d ic t io n s  i s  th e  t r a n s i t i o n  
r a d ia t io n  (C h a p te r 2 ) .  A s im p le  t r a n s i t i o n  m odel was used in  an a tte m p t 
to  a l lo w  f o r  t h i s .  Each t r a n s i t i o n  i s  assumed to  have a d ip o le - l i k e  
r a d ia t io n  p a t te r n ,  w i th  th e  d ip o le  a x is  a lig n e d  to  th a t  o f  th e  a r r a y .
CHAPTER 6: RESULTS
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I t  i s  f u r t h e r  assumed th e  p resence  o f  th e  sou rce  does n o t a l t e r  th e  
c u r re n t  d i s t r i b u t i o n  a c ro s s  th e  an tenna  (n o t s t r i c t l y  t r u e ) .
U s ing  t h i s  approach  comb, snake - and p a tc h - l in e  an tennas have been
a n a lys e d  and th e  r e s u l t s  compared w ith  C h a p te r 2 . O f p a r t i c u la r
in t e r e s t  i s  th e  com parison  o f  th e o ry  and e x p e rim e n t f o r  a lo n g ,  ta p e re d
c o m b - lin e  an tenna  (C h a p te r 6 .1 ) .  F in a l l y ,  two o th e r  s t r u c tu r e s  re p o r te d
69
in  th e  l i t e r a t u r e  a re  b r i e f l y  exam ined. These a re  th e  ra m p a rt l i n e  and
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c a p a c it iv e ly - c o u p le d  p a tc h  a r ra y
6 .1  The Comb L in e
In  o rd e r  to  a p p ly  th e  a n a ly s is ,  th e  s t r u c tu r e  i s  f i r s t  s p l i t  i n t o  a
number o f  r e c ta n g u la r  segm ents. In  o rd e r  to  keep th e  number o f  th e s e  to
a m inimum, n o n -e q u a l segm ents a re  chosen. A number o f  d i f f e r e n t  s tu b
w id th  comb l in e s  were a n a ly s e d , th e  p ro ce d u re  f o r  each b e in g  id e n t i c a l
F ig u re  6 .1  i l l u s t r a t e s  th e  case f o r  a s tu b  o f  w id th  5 nuns. F o r
c o n s is te n c y  w ith  C h a p te r 2 , th e  o th e r  pa ra m e te rs  chosen were board
th ic k n e s s  1 .5  mms, e = 2 . 5 5 ,  c e n tre  l in e  w id th  o f  5 mm (50 Ohms) and
r
fre q u e n c y  o f  4 .3  GHz.
An a p p ro x im a te  s o lu t io n  i s  g e n e ra te d  v ia  a n e tw o rk  th e o ry  app roach  as 
d is c u s s e d  in  C h a p te r 1. T h is  s o lu t io n  was "b ra c k e te d "  by i n i t i a l  
guesses and th e  program  r u n .  Convergence o c c u rre d  a f t e r  some 35 m in u te s  
o f  c . p . u .  t im e  on th e  U n iv e r s i t y  o f  S u rre y  PRIME sys te m .
F ig u re  6 .2  shows th e  convergence  o f  th e  m odulus o f  th e  D e te rm in a n t on 
v a ry in g  th e  r e a l  p a r t  o f  k . I t  i s  c le a r  th a t ' one p rob lem  i s  th e  
s e n s i t i v i t y  o f  th e  s o lu t io n  w ith  re s p e c t to  k . N o n e th e le s s ,ZO
convergence was attained.
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The number o f  F lo q u e t modes s e le c te d  by th e  program  was 15 f o r  th e  f i n a l  
s o lu t io n .  U s in g  th e  approach  d is c u s s e d  in  C hap te r 5 , th e  r e la t i v e  
c u r r e n t  d e n s ity  d i s t r i b u t i o n  o v e r th e  p e r io d ic  geom etry  was c a lc u la te d .  
F ig u re  6 .3  com pares th e  r e s u l t  a c ro s s  th e  x -  x  ^ in  F ig u re  6 .1  f o r  two 
v e ry  d i f f e r e n t  s tu b  w id th s .  I n  F ig u re  6 .3  (a ) ( th e  n a rro w  s tu b )  o n ly  
th e  p r in c ip a l  c u r r e n t  com ponent ( t h a t  i s  y - d i r e c te d )  i s  s i g n i f i c a n t .  
The c ro s s  ( o r  z - d i r e c te d )  c u r r e n t  i s  a t  a s m a ll v a lu e .  In  th e  w ide  s tu b  
c a s e , (F ig u re  6 .3  ( b ) )  b o th  com ponents a re  c le a r ly  a p p a re n t.  The
y - d ir e c te d  com ponent i s  a s y m m e tr ic a l and o b v io u s ly  h ig h ly  d is t o r t e d ,  
w hereas th e  z - d i r e c te d  com ponent i s  s y m m e tr ic a l and a t  a h ig h  le v e l .  
Thus i t  i s  c le a r  t h a t  th e  e f f e c t  o f  w id e  s tu b s  i s  to  g r e a t ly  c o m p lic a te  
th e  c u r r e n t  d i s t r i b u t i o n  g iv in g  r i s e  to  r a d ia t io n .
C a lc u la t io n  o f  th e  r a d ia t io n  p a t te r n s  o f  1 0 -s tu b  c o m b - lin e s  o f  e q u a l 
s tu b  w id th  a lo n g  th e  a r r a y  was p e rfo rm ed  fo l lo w in g  th e  p r in c ip le s  o f  
C h a p te r 4 . R e s u lts  a re  shown in  F ig u re  6 .4  and 6 .5  f o r  th e  p r in c ip a l  
p la n e , compared w i th  th e  measured r e s u l t s  o f  C hap te r 2 . In  b o th  c a s e s , 
th e  c o - p o la r  r a d ia t io n  i s  r e l a t i v e l y  w e l l  m o d e lle d , a lth o u g h  f a r - o u t  
s id e lo b e s  a re  a l i t t l e  in  e r r o r .  In  th e  c r o s s - p o la r  ca s e , how eve r, 6 .4  
shows poo r agreem ent ( th e  n a rro w  s tu b ) .  In c lu s io n  o f  th e  s im p le  
t r a n s i t i o n  m odel g r e a t ly  im p ro ve s  t h i s  as shown. F ig u re  6 .5  shows 
good agreem ent in  th e  c r o s s - p o la r iz e d  e n d - f i r e  beam p o s i t io n  and s iz e  -  
a lth o u g h  p a t te r n  d e t a i l s  do n o t p r e c is e ly  a g re e . N o n e th e le s s , th e
r e s u l t s  a re  e x tre m e ly  e n c o u ra g in g  as th e  m a jo r c r o s s - p o la r iz a t io n  lo b e  
has been s u c c e s s fu l ly  c a lc u la te d .  Com parison o f  th e  r a d ia t io n  p a t te r n  
in  o th e r  " c u ts "  shows s im i la r  a g reem en t.
A t te n t io n  i s  now tu rn e d  to  th e  ra d ia te d  pow er. The c o -  and 
c r o s s - p o la r is e d  power i s  e v a lu a te d  by a p a t te r n  in t e g r a t io n  te c h n iq u e . 
The t o t a l  power r a d ia te d  was a ls o  found  v ia  th e  n e a r - f ie ld  P o y n tin g  
v e c to r  approach  o f  C h a p te r 4 . R e s u lts  a re  shown in  F ig u re  6 .6  a g a in
compared to  measurement o f  C h a p te r 2 . The c o r r e la t io n  is  good e x c e p t 
f o r  v e ry  na rrow  s tu b s .  I t  i s  p o s s ib le  t h a t  some m easurement e r r o r
o c c u re d , as d is c u s s e d  in  C hap te r 2 , and th e  good c o r r e la t io n  f o r
th e o r e t i c a l  and p r a c t i c a l  r e s u l t s  i s  in d ic a t iv e  o f  t h i s .  Not shown on 
th e  f ig u r e  i s  th e  c o r r e la t io n  between th e  f a r - f i e l d  p a t te r n  in t e g r a t io n  
and n e a r - f ie ld  P o y n tin g  v e c to r  te c h n iq u e s  f o r  th e  r e la t i v e  t o t a l  power 
r a d ia te d .  In  f a c t  t h i s  c o r r e la t io n  was e x c e l le n t  -  a f u r t h e r  check on 
th e  n u m e r ic a l r e s u l t s .
These r e s u l t s  have so f a r  been a p p lie d  to  th e  s h o r t  t e s t  p ie c e s .  
H ow ever, a more r e a l i s t i c  t e s t  i s  th e  lo n g  a r ra y  u s in g  a p e r tu re  ta p e r in g  
te c h n iq u e s .  U s in g  th e  p ro ce d u re  o u t l in e d  in  C h a p te rs  3 and 4 a 32 
e le m e n t ta p e re d  a r ra y  was m o d e lle d  f o r  com parison  w i th  a v a i la b le  
r e s u l t s .
S e g m e n ta tio n  used p e r p e r io d  was s im i la r  to  th a t  o f  F ig u re  6 .1 .  The 
r e s u l t s  f o r  p r in c ip a l  p la n e  r a d ia t io n  p a t te rn s  a re  shown in  F ig u re  6 .7 .  
The c o - p o la r is e d  m ain beam i s  c o r r e c t ly  com puted, as i s  th e  f i r s t  
s id e lo b e  p o s i t io n ,  a lth o u g h  n o t th e  le v e l .  Fa r o u t s id e lo b e s  a re  n o t
w e l l  m atched between th e o ry  and e x p e r im e n t. The reasons f o r  t h i s  m ig h t
l i e  in  im p e r fe c t io n  in  th e  e x p e r im e n ta l model o r  in  s u b t le  e f f e c t s  due 
to  th e  c o a rs e  s e g m e n ta tio n  used . N e v e r th e le s s , th e  c r o s s - p o la r is e d  end 
lo b e  i s  e x tre m e ly  w e l l  p r e d ic te d  in  p o s i t io n  and s iz e .
The com parison  o f  c o -  and c r o s s - p o la r is e d  r a d ia t io n  p a t te r n s  w i th  th e o ry  
i s ,  so f a r  as can be a s c e r ta in e d ,  c o n s id e ra b ly  b e t te r  th a n  any p re v io u s  
th e o ry  can o f f e r .  H owever, i t  s h o u ld  be no ted  th a t  t h i s  m odel i s  f o r  4 *3  
GHz. Use a t  h ig h e r  f re q u e n c ie s ,  where s u r fa c e  wave e f f e c t s  a re  l i k e l y  
to  be g r e a t ,  may r e q u ir e  a s m a ll s e g m e n ta tio n  (as a more com plex c u r r e n t  
d i s t r i b u t i o n  may o c c u r ) .  F u r th e rm o re , g e n e r a l is a t io n  o f  t h i s  r e s u l t  to  
d i f f e r e n t  board  p a ra m e te rs  m ust be made w i th  c a re  -  a s in g le
e x p e r im e n ta l r e s u l t  i s  h a r d ly  an adequate  b a s is  f o r  an e r r o r  com parison  
w ith  a g e n e ra lis e d  a n a ly s is .  N e v e r th e le s s , th e s e  r e s u l t s  a re  e x tre m e ly  
e n c o u ra g in g  and in d ic a te  t h a t  a t  le a s t  th e  p r in c ip a l  r a d ia t io n  p a t te r n  
fe a tu r e s  a re  a c c u ra te ly  com puted.
The s h o r t  a r r a y  r e s u l t s  were a ls o  c o n s id e re d  under th e  a ssu m p tio n  o f  
d i f f e r e n t  le v e ls  o f  s e g m e n ta tio n . In c re a s in g  s e g m e n ta tio n  in c re a s e d  
com pute r ru n  tim e  (30 segm ents re q u ire d  62 m in u te s  f o r  c o n v e rg e n c e ), and 
o n ly  a l te r e d  th e  r a d ia t io n  p a t te r n  m in o r fe a tu r e s  (w id e  a n g le  
p e r fo rm a n c e ). D e c re a s in g  th e  s e g m e n ta tio n  le v e ls  appeared  to  in d u c e  
in a c c u ra c y  p r im a r i ly  i n  n o n - p r in c ip a l  p la n e  r a d ia t io n  p a t te r n s ,  a lth o u g h  
some changes in  p r in c ip a l  p la n e  may be o b s e rv e d .
O v e r a l l ,  th e n ,  th e  program  appea rs  to  g iv e  good r e s u l t s  w i th  m odera te  
s e g m e n ta tio n  f o r  th e  comb l i n e ,  a lth o u g h  e x p e r im e n ta l d a ta  i s  re q u ire d  
a t  h ig h  fre q u e n c ie s  and o th e r  boa rd  p a ra m e te rs . I t  i s  c le a r  t h a t  th e  
com puter ru n  t im e  i s  h ig h ,  how eve r, when h ig h  le v e ls  o f  s e g m e n ta tio n  a re  
used .
6 .2  P a tc h - L in e  A n te n n a
The P a tc h - l in e  a n tenn a  was m o d e lle d  in  a s im i la r  manner to  th a t  o f  th e  
c o m b - lin e .  F ig u re  6 .8  shows th e  s e g m e n ta tio n  used . Run tim e  was o f  th e  
o rd e r  30 m in u te s , f o r  a w id e  p a tc h  (60 rams) a lth o u g h  o n ly  some 11 
F lo q u e t modes were u se d . R e s u lts  shown in  F ig u re  6 . 9  i l l u s t r a t e  th e  
r a d ia t io n  p a t te r n s  in  th e  a z im u th  p la n e . I t  i s  r e c a l le d  t h a t
in  th e  case o f  th e  p a tc h - l in e  a n te n n a , th e  t r a n s i t i o n  r a d ia t io n  i s  
c o - p o la r is e d  w ith  re s p e c t  t o  th e  a r r a y .  The s im p le  t r a n s i t i o n  model 
a g a in  im p ro ve s  th e  a c c u ra c y  o f  th e  t h e o r e t ic a l  r e s u l t s  (F ig u re  6 ,9 ) ,  
a lth o u g h , as e x p e c te d , o n ly  in  th e  s id e lo b e  r e g io n .  I t  w i l l
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be r e c a l le d  from  C hap te r 2 t h a t  h ig h  le v e ls  o f  c r o s s - p o la r iz a t io n  
o c c u rre d  in  th e  o f f - a x i s  p la n e s , f o r  example <J>m «= 0 °. I n t e r e s t in g ly ,  
t h i s  i s  n o t com puted by th e  p ro g ra m , b u t r a th e r  le v e ls  co m p a ra b le  to  
th e  e q u iv a le n t  w aveguide m odel (C h a p te r 2 ) .
I n  o rd e r  to  in v e s t ig a t e  t h i s ,  in c re a s e d  se g m e n ta tio n  was used b u t no 
r e a l  in c re a s e  in  a c c u ra c y . H owever, i f  a s m a ll d is p la c e m e n t o f  th e  
c e n tre  l i n e  i s  in t r o d u c e d , th e  h ig h  o f f  a x is  lo b e s  a re  com puted to  
m odera te  a c c u ra c y . In  te rm s o f  an e q u iv a le n t  w aveguide m ode l, t h i s
w ou ld  co rre s p o n d  to  h ig h  le v e ls  o f  h ig h e r - o r d e r  modes b e in g  p r e s e n t .  
F ig u re  6 .1 0  shows th e  r e s u l t  f o r  a .1 mm d is p la c e m e n t o f  th e  p a tc h  w i th  
re s p e c t  to  th e  c e n tre  l i n e  f o r  a 60 mm p a tc h  l i n e .  T h is  has th e  d e s ire d  
e f f e c t .  U n fo r tu n a te ly ,  th e  p resence  o f  t h i s  d is p la c e m e n t in  th e  
p r a c t i c a l  m odel c o u ld  n o t be c o n firm e d  by m easurem ent, due to
in h e re n t  p r a c t i c a l  d i f f i c u l t i e s ,  b u t-  i t  rem ains th e  m ost p ro b a b le
e x p la n a t io n .
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U n fo r tu n a te ly ,  p u b lis h e d  e x p e r im e n ta l w ork by o th e r  a u th o rs  * i s  
u n s u ita b le  f o r  co m p a riso n  due to  th e  absence o f  b o th  p re c is e  d e s ig n  
p la n e  m easurem ents a re  r e q u ir e d .  Due to  th e  d ic ta te s  o f  t im e ,  and th e  
d i f f i c u l t y  in  m a n u fa c tu r in g  a c c u ra te  m ode ls , i t  was f e l t  t h a t  t h is  
a n tenn a  s t r u c tu r e  s h o u ld  be th e  s u b je c t  o f  f u r t h e r  s tu d y  o u ts id e  th e
c o n f in e s  o f  t h i s  t h e s is .  The n u m e r ic a l r e s u l t s  appear re a s o n a b ly
a c c u ra te  and in d ic a te  th a t  th e  p a tc h  l i n e  may have s ig n i f i c a n t
d i f f i c u l t y  in  p r a c t ic e  as c I o s b  to le ra n c e s  may be r e q u ir e d .
6 . 3  S n a k e - L i n e  A n t e n n a s
T h is  ty p e  o f  s t r u c tu r e  p roved  th e  m ost d i f f i c u l t  t o  a n a ly s e ,  as th e
geom etry  does n o t le n d  i t s e l f  to  m o d e llin g  on a s im p le  X-Y g r id  w ith o u t
use o f  a la r g e  number o f  segm ents . To ease th e  p ro b le m , an a r b i t a r y
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r o t a t io n  may be in tro d u c e d  to  each segm ent. The m a th e m a tic a l d e t a i l s  o f  
t h i s  a re  q u i te  s t r a ig h t fo r w a r d .  In  t h i s  ca se , how eve r, a s e g m e n ta tio n  
o f  th e  fo rm  o f  F ig u re  6 .11 was a p p l ie d .
R e s u lts  a re  g e n e ra te d  f o r  com parison  w ith  m easurem ents. F ig u re s  6 .1 2  and 
6 .1 3  show th e  r e s u l t s  i n  th e  p r in c ip a l  p la n e . I t  can be seen th a t  th e  
c o - p o la r is a t io n  i s  f a i r l y  a c c u r a te ly  m o d e lle d , a lth o u g h  th e  
c r o s s - p o la r is a t io n  i s  a g a in  dom inated oy th e  t r a n s i t i o n  r a d ia t io n .
An in t e r e s t in g  p o in t  i s  t h a t  th e  c u r r e n t  d i s t r i b u t i o n  appea rs  to  be o n ly
s ig n i f i c a n t  a lo n g  d i r e c t io n s  p a r a l le l  to  s in u s o id a l l in e s  d e f in in g  th e
s t r u c t u r e .  An exam ple i s  g iv e n  in  F ig u re  6 .14  f o r  th e  l i n e  X-X
(F ig u re  6 .1 1 ) .  T h is  su g g e s ts  th a t  a s im p le r  m odel assum ing j u s t  one
c u r r e n t  component m ig h t be s u f f i c i e n t  f o r  good a c c u ra c y  c o m p u ta tio n s
p r o v id in g  a s u i t a b le  c o - o r d in a te  system  is  used .
6 .4  O th e r  S t r u c t u r e s
In  an a tte m p t to  u t i l i s e  th e  extrem e f l e x i b i l i t y  o f  th e  a n a ly s is  two 
f u r t h e r  s t r u c tu r e s  were a n a ly s e d . These w e re , r e s p e c t iv e ly ,  th e  ra m p a rt 
l i n e  and c a p a c i t iv e ly  co u p le d  p a tc h - l in e .  I t  m ust be s tre s s e d  th a t  t h i s  
a u th o r  d id  n o t a tte m p t any e x p e r im e n ta l m easurem ents w ith  th e s e
s t r u c tu r e s ,  p r e f e r r in g  to  r e ly  on p u b lis h e d  e x p e r im e n ta l d a ta . T h is  i s  
p a r t i c u la r l y  in t e r e s t in g  as t h a t  a v a i la b le  i s  a t  a somewhat h ig h e r
fre q u e n c ie s  o f  10 and 17 GHz. A c a u t io n a ry  n o te  i s ,  o f  c o u rs e , th a t
n o rm a lly  in c o m p le te  d a ta  i s  a v a i la b le  in  th e  l i t e r a t u r e  ( p a r t i c u la r l y  
o f f - a x is  r a d ia t io n  p a t te r n s ) ,  so th a t  a p ro p e r com parison  i s  n o t 
p o s s ib le .
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Consider first the rampart line. This is essentially a square modulated
69continuous-line radiator. It was originally introduced by Hall as a 
means of producing circular polarisation. The configuration is shown in 
Figure 6 .1 5 ,  and is particularly well-suited to the rectangular grid of 
segments.
The a n a ly s is  fo l lo w e d  th e  same approach  as b e fo re .  R e s u lts  a re  shown in  
F ig u re  6 .1 6  (b )  w i th  th o s e  measured by H a l l  in  6 .1 7  ( a ) .  Agreem ent i s  
good, though  n o t p r e c is e .  The e r r o r s  may be in  m a n u fa c tu r in g  as th e  
s p e c i f i c a t io n  o f  th e  geom etry  g iv e n  in  th e  re fe re n c e  does n o t in c lu d e  
to le r a n c e  e f f e c t s .  I t  i s  n o t  sugges te d  th a t  F ig u re  6 .1 7  re p re s e n ts  
optim um  p e rfo rm a n ce  o f  t h i s  ty p e  o f  s t r u c t u r e ,  b u t does appea r to  o f f e r  
good agreem ent w i th  th e  th e o ry .  A g a in , c o n s id e r a t io n  o f  c u r r e n t  
d i s t r i b u t i o n  s u g g e s ts  a s im p le  c u r r e n t  com ponent, t h a t  fo l lo w in g  a lo n g  
th e  l i n e ,  w ou ld  g iv e  good r e s u l t s ,  p r o v id in g  a s u i t a b le  c o - o r d in a te  
system  is  used .
The c a p a c i t iv e ly  c o u p le d  p a tc h  a r r a y  was a ls o ,  somewhat b r i e f l y ,
considered. The structure is shown in Figure 6 .1 7 , with radiation
p a t te r n s  in  F ig u re  6 .1 8 . Once a g a in  re a s o n a b le  agreem ent w i t h  p u b lis h e d
117m easurem ents i s  a p p a re n t,  th e  m easurem ents b e in g  ta k e n  fro m  . Owens 
85
, a s s e r ts  th e  b a n d w id th  in  t h i s  case i s  v e ry  n a rro w , a lth o u g h  no 
d e ta i le d  s tu d y  o f  t h i s  was u n d e rta k e n  by t h i s  a u th o r .
6 .5  Summary
In this section, results of the array analysis are presented. The 
programme appears to generate relatively accurate radiation pattern 
predictions for a number of structures at low microwave frequencies (4 
GHz). At high microwave frequencies, published data has been used, and
reasonable correlation is achieved.
Several points are noted. Firstly, no attempt has been made to use the 
analysis to optimise any particular structure. Emphasis is placed on 
proving the theoretical principles involved, rather than producing fully 
engineered designs. This latter task is considered outside the scope of 
this work. Nevertheless, several important features are apparent in the 
designs considered.
Firstly, comb-lines are able to produce moderate radiation pattern 
control, and the primary features are calculable by this analysis. 
Secondly, patch lines appear to suffer significant tolerance 
difficulties, at least with wide patches, giving rise to higher order 
effects. Finally, continuous-line radiators may be amenable for simpler 
calculations using just a current flowing along the line.
It is noted that, within the approximations used, both surfaoe-wave and 
mutual-coupling effects are included, although not explicitly derived.
The analytic approach appears to be justified in so far as can be 
determined. Only relatively coarse segmentation is required, but 
nonetheless computer run times are of the order 30 - 50 minutes.
It is felt that future work could well be directed towards examination 
of structures where known high levels of mutual coupling and surface 
waves exist. The purpose of this work, however, in justifying the 
infinite array approximation^ at least as a possible analytic approach, 
does appear to be fulfilled. Indeed, better accuracy radiation pattern 
predictions, particularly for long comb-lines at 4 .3  GHz are apparently 
available from this analyses than any in the published literature.
134
W
«\xi »w
FIG. 6*1 Comb Line Segmentation
I Detl
R e C k ^ )
FIG.6*2 Convergence of Determinant
135
z. z.
2 2.
- - - - - z directed current 
 y directed current
FIG. 6*3 Comb Line Current Distribution
( a )  Wj =  1 m m
(b )^  =10 mm
136
m
e
a
su
re
d
 
(c
h
ap
te
r 
2
)
 
th
e
o
re
ti
c
a
l 
w
it
h 
tr
a
n
si
ti
o
n
 
m
o
d
e
l
137
00
CO
-50
CL
1
CO
CO
0 1_____
C_J
! 3
ra
0
C L
1
OO
73
E
E
CD
JCJ—I
“O
JD
Z?
j -j
CO
LO
CD
CD
Lx_
ZJ
CO
CD
tou
CD 1— o
CD
XZ
CM
L_
JB
CL
S iO
■g
Z3
-t
h
eo
re
ti
ca
l 
wi
th
 
tr
an
si
ti
on
138
radiated
(dBX
stub width
   theoretical total power
- - - - - theoretica l  co -p o la r ised  fractional power
* • • • m e a s u re d -  t o t a l  p o w e r
o. © o  o  m easured co -p o la r ise d  fractional pow er
FIG. 6*6  Measured and T h eoret ica l  Radiated P ow er 
fr o m  Com b Line Antennas
co-poLar 
cross polar
FIG. 6 - 7a Measured Radiation Pattern 3 2  Element Comb Line
•co-polar 
cross -po la r
FIG. 6*7 b  Predicted Radiation Pattern 3 2  Element Comb Line
140
F I G .  6 - 8  P a t c h  L in e  A n t e n n a  S e g m e n t a t i o n
141
FIG  6 * 9  6 0 m m  P a t c h  L i n e  R a d i a t i o n  P a t t e r n
0  = 9 0 °  
m
 t h e o r e t i c a l  i n c .  t r a n s i t i o n
 m e a s u r e d
142
FIG. 6 - 1 0  6 0 m m  P a tc h  L in e  R a d i a t i o n  P a t t e r n
0 =  0 °  
m
 t h e o r e t i c a l  c o - p o l a r
— t h e o r e t i c a l  c r o s s - p o l a r  0 0 m m  - f e e d .  l i n e ,  d i s p l a c e m e n t
 m e a s u r e d  c r o s s — p o l a r
- o - o - o  t h e o r e t i c a l  c r o s s - p o l a r  n o  d i s p l a c e m e n t
143
I
I
X
FIG. 6*11 S n a k e  L i n e  S c g n n e n t a t i o n
c r o s s - p o l a r
L i n e 0  = 9 0 ’ 
m
FIG. 6 - 1 2  1 0 m m  S n a k e
 m e a s u r e d
 t h e o r e t i c a l  — o _ 0_  t h e o r e t i c a l  w i t h  t r a n s i t io n
14b
_ Q  2 .0
( a )
c o - p o l a r
t h e o r e t i c a l m e a s u r e d
146
F IG . 6 -
Wy
'2. W// Z
----------------   z  -  d i r e c t e d  c u r r e n t
 ------------------y -  d i r e c t e d  c u r r e n t
S n a k e  L i n e  C u r r e n t  D i s t r i b u t i o n  
A c r o s s  x - x '  ( F i g  6 0 1 )
wFIG. 6 * 1 5  Rampart Line Segm entation  (c .f . Hall)
FIG. 6 - 1 6  l y p i c a l  R a m p a r t  L i n e  E l l i p t i c i t y  
e n v e l o p e  F neq . = 1 7  G H z  0  = 0 ”
6 9
a )  m e a s u r e d  H a l l
b ) t h r s  t h e o r y  d  =  3 - 5 m m  w = 2 m m
s = 6 - 3 m m  L  =  1 0 - 5 m m
149
- l i _ ____________________________ ( = =  l r _ _ . T ~ *  c i : : : : : ; J ,
T I i i w  j  - i
FIG. 6 - 1 7  C a p a c i t i v e l y - c o u p  le d  P atch  A n t e n n a
FIG. 6 - 1 8  C a p a c i t i v e l y - c o u p l e d  A r r a y  0 = 9  0 0
a ) T y p i c a l  m e a s u r e m e n t  ( r e s o n a n t  a r r a y f i 7
b ) T h e o r e t i c a t  W1 = 2 - 0 m m  V / s O B m m
S =1mm f '=10GHz
c o - p o l a r  - o - o - c r o s s  - p o l a r
151
CHAPTER 7 SUMMARY AND CONCLUSIONS
The subject of this thesis has been an examination of the radiation 
pattern characteristics of microstrip linear travelling-wave array 
antennas. In particular, a new analysis for these structures has 
been developed. This takes a unified approach* being structured 
to allow a wide variety of array geometries to be considered using 
a single computer program, This i« believed to be the first analysis 
having this ability. The approach adopted is a current distribution 
calculation with a suitable Gre e n ’s Function, so that no a priori 
assumption of the field distribution in the structure is required.
This allows the accurate prediction of complex radiation pattern 
characteristics, in particular polarisation impurity'® Such performance 
limitations have been experimentally observed in some structures 
(Chapter 2) and are not amenable to calculation by previously published 
theories. It is noted that higher order effects such as hybrid mode 
frequency dispersion and surface wave production are included in the 
analysis. In order to account for array interaction effects, an 
infinite array approximation is employed, and it is believed to be 
the first application of this principle to microstrip antennas.
Having determined the two-dimensional current distribution flowing on
the upper conductor in each elemental period, this is assumed invariant
on transformation to a finite array, Effects of elemental geometry
changes in a real antenna can be calculated anq, by enforcing current
continuity at the element boundaries, finite array properties found.
When achieving this, a bulk correction for the conductor and dielectric
26loss is made using the Wheeler formulae for infinitelylong transmission 
lines,
In this way, each period ot m e  real array is assumed to be in an infinite
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a r r a y  o f  l i k e  r a d ia t o r s .  The u n i t  c e l l  geom etry i s  th e n  s p l i t  i n t o  a 
s p e c i f ie d  number o f  re c ta n g u la r  segm ents . The segm ents need n o t be o f  
u n ifo rm  s iz e .  By s p e c i f ic a t io n  o f  th e  segment d im e n s io n s  and p o s i t io n s ,  
th e  geom etry  i s  d e f in e d .  T h is  a llo w s  a w ide  v a r ie t y  o f  g e o m e tr ie s  to  be 
c a lc u la te d .  By use o f  a number o f  com puter ru n s  th e  c u r r e n t  
d i s t r i b u t i o n  in  th e  v a r io u s  d i f f e r e n t  e le m e n ta l g e o m e tr ie s  may be 
com puted, and hence th e  d is t r ib u t io n -  o v e r th e  r e a l  f i n i t e  a r r a y  d e r iv e d .
A f i n i t e  s t r u c tu r e  G re e n ’ s F u n c t io n  i s  th e n  d e v e lo p e d , and , v ia  w hat i s  
in  e f f e c t  th e  Method o f  S ta t io n a r y  Phase, th e  r a d ia t io n  p a t te r n  found  
assum ing  a p e r f e c t ly  te r m in a t in g  lo a d .  The power r a d ia te d  i s  d e r iv e d  by 
P o y n tin g  v e c to r  in t e g r a t io n  in  two w ays. P ro v id e d  some a ssu m p tio n  can 
be made as to  th e  ra d ia te d  f i e l d  in  th e  p la n e  o f  th e  b o a rd , a f a r  f i e l d  
in t e g r a t io n  y ie ld s  th e  t o t a l  power r a d ia te d .  F u r th e rm o re , th e  
d i s t r i b u t i o n  o f  th a t  power in  te rm s o f  ra d ia te d  p o la r is a t io n  can be 
a sse sse d . An a l t e r n a t i v e  te c h n iq u e  f o r  ra d ia te d  power i s  th e  n e a r - f ie ld  
P o y n tin g  v e c to r  in t e g r a t io n  u n d e rta k e n  in  C h a p te r. 4 . T h is  a c ts  as a 
check on th e  f a r - f i e l d  in t e g r a t io n  te c h n iq u e . By c lo s in g  th e  s u r fa c e  o f  
in t e g r a t io n ,  i t  w ou ld  a ls o  be p o s s ib le  to  assess th e  o u tw a rd  d ir e c te d  
power due to  waves g u id e d  by th e  d i e l e c t r i c  in t e r f a c e .  T h is  has n o t 
been e x p l i c i t l y  d e r iv e d  in  t h i s  t h e s is ,  a lth o u g h  i t  i s  a r e l a t i v e l y  easy 
e x te n s io n .
In  th e  n u m e r ic a l im p le m e n ta t io n  o f  th e  a n a ly s is ,  (C h a p te r 5 ) ,  e f f o r t  has 
been expended to  m in im is e  com puter r u n - t im e .  A p p ro x im a te  fo rm s o f  th e  
in t e g r a l  a t  la rg e  v a lu e s  o f  th e  in t e g r a t io n  v a r ia b le ,  and a t  h ig h e r  
o rd e rs  o f  F lo q u e t modes, a re  d e r iv e d .  These, to g e th e r  w i th  a n u m e r ic a l 
in t e g r a t io n  a round  th e  o r i g in ,  a l lo w  th e  e q u a tio n s  to  be e v a lu a te d  in  an 
e f f i c i e n t  way. S u rfa c e  wave c o n t r ib u t io n s  a re  a ls o  in c lu d e d  in  th e  
in t e g r a ls  in  th e  fo rm  o f  r e s id u e s .
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segm ents used ( th a t  i s  th e  uppe r c o n d u c to r  g eom etry ) and th e  a c c u ra c y  o f
than i n i t i a l  a ssu m p tio n  f o r  th e  ze ro  o rd e r  F lo q u e t mode p ro p a g a tio n  
c o n s ta n t .  T h is  i s  d e r iv e d  from  s im p le  th e o r ie s .  T y p ic a l ly ,  ru n  t im e  is  
th e  o rd e r  o f  30 -  50 m in u te s  on th e  U n iv e r s i t y  o f  S u rre y  PRIME sys te m . 
T h is  can be low ered  when c o n s id e r in g  s m a ll e le m e n ta l changes (as  k zq i s  
more a c c u r a te ly  known f o r  l a t e r  r u n s ) .  N o n e th e le s s , i t  i s  a n u m e r ic a l ly  
in te n s iv e  a n a ly s is ,  and e f f o r t s  s h o u ld  be made to  im prove  th e  e f f i c ie n c y  
(as d e s c r ib e d  b e lo w ).
The th e o ry  has been v e r i f i e d  in s o f a r  as is  p o s s ib le  u s in g  th e  
m easurem ents made in  C h a p te r 2 . The f l e x i b i l i t y  o f  th e  a n a ly s is  is  
c le a r ly  d e m o n s tra te d . Agreem ent i s  g e n e r a l ly  good, a lth o u g h  n o t p re c is e  
f o r  r e l a t i v e l y  s h o r t  a n te n n a s . The m ost o b v io u s  cause o f  t h i s  i s  
d i r e c t  r a d ia t io n  fro m  th e  t r a n s i t i o n s  and 3 s im p le  t r a n s i t i o n  model 
im p ro ve s  th e  a ccu ra cy  o f  th e  t h e o r e t i c a l  p r e d ic t io n s .  T h is  i s  u n n e ce ssa ry  
f o r  a lo n g  a r r a y ,  how ever, where th e  t r a n s i t io n s  have le s s  e f f e c t .
Some s l i g h t  d o u b t re m a in s  o v e r th e  p a tc h - l in e  c a lc u la t io n .  I f  a s m a ll 
a s s y m e try  i s  assum ed, agreem ent w i th  th e  observed  r a d ia t io n  p a t te r n  is  
good. In  p r a c t ic e ,  t h i s  i s  w i t h in  th e  bounds o f  m a n u fa c tu r in g  e r r o r ,  
b u t c o u ld  n o t be d e f i n i t e l y  c o n firm e d  on th e  e x p e r im e n ta l m ode l. I t  
re m a in s , how ever, th e  m ost l i k e l y  e x p la n a t io n .
The o r ig in a l  a ssu m p tio n  was o f  a lo n g  a r r a y ,  whose edge and t r a n s i t i o n  
e f f e c t s  a re  s m a ll .  The c o r r e la t io n  between measurement and th e o ry  f o r  a 
lo n g  c o m b - lin e  a re  e x c e l le n t  where th e  m a jo r p a t te r n  fe a tu r e s  a re  
c o n ce rn e d , and in d e e d  th e  m in o r fe a tu r e s  a re  f a i r l y  w e l l  p r e d ic te d .  I t  
i s  th e  c a lc u la t io n  o f  th e  e n d - f i r e  c r o s s - p o la r is a t io n  lo b e  w h ich  i s  a 
p a r t i c u la r l y  e n c o u ra g in g  r e s u l t  w i th  o th e r  th e o r ie s  n o t a p p a re n t ly  
h a v in g  t h is  c a p a b i l i t y .  I t  s h o u ld  be em phasised th a t  th e s e  r e s u l t s  a re
Computer-time required is, of course, dependent on the number of
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f o r  a fre q u e n c y  o f  a p p ro x im a te ly  4 GHz, d i e l e c t r i c  c o n s ta n t 2 .5  and 
th ic k n e s s  1 .5  mm.
The a n a ly s is  i t s e l f  s h o u ld  be ca p a b le  o f  s im i la r  r e s u l t s  a t  o th e r  
fre q u e n c ie s  and board  p a ra m e te rs . Some r e s u l t s  have been g e n e ra te d  f o r  
g e o m e tr ie s  a t  10 GHz and 17 GHz. The r e s u l t s  a re  e n c o u ra g in g , when 
compared w i th  p u b lis h e d  r a d ia t io n  p a t te r n s .  P re c is e  co m p a riso n  i s  
d i f f i c u l t  due to  a la c k  o f  in fo r m a t io n  in  th e  p u b lis h e d  p a p e rs .
One a re a  o f  in t e r e s t  i s  th e  le v e l  o f  s e g m e n ta tio n  re q u ire d  to  g e n e ra te  
good r a d ia t io n  p a t te r n  p r e d ic i t i o n .  T h is  has been fo u n d  v ia  t r i a l  and 
e r r o r  p ro ce d u re s  to  be f a i r l y  c o a rs e  (C h a p te r 6 ) .  N o n e th e le ss  a t  v e ry  
h ig h  fre q u e n c ie s  o r  c lo s e  s e p a ra t io n  (h ig h  m u tu a l e f f e c t s )  f i n e r  
se g m e n ta tio n  may be n e c e s s a ry .
The i n f i n i t e  a r ra y  a n a ly s is  i s  th e r e fo r e  c a p a b le  o f  good r a d ia t io n  
p a t te r n  p r e d ic t io n .  As th e  p r im a ry  o b je c t iv e  was th e  im p le m e n ta t io n  o f  
a f l e x i b l e ,  a c c u ra te  a n a ly s is ,  t h i s  has been s u c c e s s fu l ly  a c h ie v e d .
However, i t  sh o u ld  n o t be c o n s id e re d  th a t  t h i s  w ork  i s  in c a p a b le  o f
im provem en t. Based on th e  e x p e r ie n c e  ga ined  in  t h i s  t h e s is ,  th e re  a re  
s e v e ra l a reas  w h ich  c o u ld  be c o n s id e re d  in  l a t e r  im p le m e n ta tio n s  o f  th e  
i n f i n i t e  a r r a y  a p p ro a c h . The f i r s t  o f  th e se  co n ce rn s  th e  c h o ic e  o f  
b a s is  f u n c t io n .
As s ta te d  in  C h a p te r 3 th e  p u ls e  b a s is  fu n c t io n  was chosen f o r
s im p l i c i t y  and in h e re n t  f l e x i b i l i t y .  As an i n i t i a l  exam p le , t h i s  was
c e r t a in ly  s u c c e s s fu l.  I t  i s  b e l ie v e d ,  how ever, t h a t  f u r t h e r  
c o n s id e r a t io n  o f  a l t e r n a t i v e  b a s is  fu n c t io n s  s h o u ld  be made. In  
p a r t i c u la r ,  i t  i s  n o te d  th a t  most g e o m e tr ie s  a re  s lo w ly  c h a n g in g  in  th e  
z - d i r e c t io n .  Thus, th e  geom etry  c o u ld  be s p l i t  in t o  a number o f
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segm ents d e f in e d  by a y - d i r e c te d  g r id .  The c u r r e n t  d i s t r i b u t i o n  c o u ld
th e n  be assumed u n ifo rm  in  z b u t w i th  a y-dependence g iv e n  by ( f o r
15exam ple) a s in u s o id a l  e x p a n s io n  te c h n iq u e  . T h is  m ig h t y ie ld  e i t h e r
a more a c c u ra te  c u r r e n t  d i s t r i b u t i o n  ( p o s s ib ly  e n a b lin g  im pedance 
c a lc u la t io n ) ,  o r  e ls e  a s im i la r  a c c u ra c y  f o r  le s s  number o f  te rm s  in  th e  
s e r ie s  a p p ro x im a tio n  f o r  th e  c u r r e n t  d i s t r i b u t i o n .  T h is ,  in  t u r n ,  w ou ld  
re d u ce  com puter r u n - t im e .
The second a re a  o f  re f in e m e n t w ou ld  be in  th e  n u m e r ic a l s e a rc h  te c h n iq u e
used f o r  d e te rm in in g  k zq i n  C h a p te r 5 . A number o f  s o p h is t ic a te d
116
approach es a re  p o s s ib le  and have been re p o r te d  in  th e  l i t e r a t u r e  
H ow ever, due to  th e  a v a i l a b i l i t y  o f  s im p le  th e o r ie s  e n a b lin g  a good 
i n i t i a l  g u e ss , i t  was f e l t  th e  method d e s c r ib e d  in  C h a p te r 5 was 
a d e q u a te . N o n e th e le s s , some s a v in g  i n  com puter t im e  may be e f fe c te d  by 
use o f  o th e r  te c h n iq u e s  and th e s e  s h o u ld  be more f u l l y  exam ined .
The f i n a l  m a jo r a re a  i s  th e  convergen ce  t e s t in g  o f  th e  F lo q u e t mode 
s e r ie s .  As d e s c r ib e d  in  C h a p te r 5 , t h i s  is  f a i r l y  c ru d e ly  done in  t h i s  
im p le m e n ta t io n .  O b v io u s ly ,  more fo rm a l convergence  t e s t in g  i s  p o s s ib le ,  
b u t i s  d i f f i c u l t  to  im p le m e n t w ith o u t  g r e a t ly  in c r e a s in g  th e  r u n - t im e  o f  
th e  p rog ram . In  p r a c t ic e ,  e x p e r im e n ta t io n  was c a r r ie d  o u t by e n fo r c in g  
v e ry  h ig h  o rd e rs  o f  F lo q u e t modes to  be in c lu d e d .  T h is  d id  n o t 
s i g n i f i c a n t l y  a f f e c t  th e  s o lu t io n  from  th a t  d e r iv e d  in  C h a p te r 6 , b u t 
re m a in s  a p o t e n t ia l  so u rce  o f  d i f f i c u l t y .
A f u r t h e r  a p p ro x im a tio n  w h ich  c o u ld  be im proved co n ce rn s  th e  f i n i t e  
a r r a y  t r a n s fo r m a t io n .  A p o s s ib le  d i f f i c u l t y  i s  th e  use o f  n o n -p e r fe c t  
c o n d u c to rs  and d i e le c t r i c s  w h ich  g iv e  r is e  to  lo s s .  The c u r r e n t  
im p le m e n ta tio n  has em ployed a f a i r l y  g ro ss  a p p ro x im a tio n  f o r  th e s e  
lo s s e s .  I t  w ou ld  c e r t a in l y  be d e s ir a b le  to  c a lc u la te  th e  lo s s  d i r e c t l y .  
In  o rd e r  to  a c h ie v e  t h i s ,  even u s in g  a s m a ll lo s s  a p p ro x im a t io n ,  w ou ld
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r e q u ir e  a c o n s id e ra b le  in c re a s e  in  th e  a cc u ra cy  o f  th e  c u r r e n t  
d i s t r i b u t i o n  c a lc u la t io n .  I t  m ig h t be p o s s ib le  to  a c h ie v e  t h is  w i th o u t  
enormous in c re a s e  in  re q u ire d  com puter t im e ,  by a more s u i t a b le  c h o ic e  
o f  b a s is  f u n c t io n  as no ted  above . T h is  i s ,  how ever, somewhat du b io u s  
and i t  may be t h a t  th e  re q u ire d  a c cu ra c y  i s  to o  g re a t  in  te rm s o f  
p r a c t i c a l  co m p u tin g  pow er. T h is  a re a  s h o u ld  c e r t a in ly  be s tu d ie d  
f u r t h e r  p a r t i c u la r l y  f o r  h ig h  fre q u e n c y  usage o f  th e  a n a ly s is .
H av ing  no te d  th e s e  p o t e n t ia l  d i f f i c u l t i e s ,  i t  i s  re -e m p h a s ise d  t h a t ,  a t  
le a s t  in  th e  cases com puted, th e y  d id  n o t appear to  re p re s e n t 
s i g n i f i c a n t  d i f f i c u l t i e s .  However, f o r  more e f f i c i e n t  im p le m e n ta tio n  th e y  
s h o u ld  c le a r ly  be fu r th e r  c o n s id e re d .
A f u r t h e r  in t e r e s t in g  p o in t  i s  th e  p o s s i b i l i t y  o f  in c re a s e d  com puter
e f f i c ie n c y  by use o f  a d i f f e r e n t  com puter la n g u a g e . FORTRAN 77 i s
c e r t a in ly  th e  m ost u s e fu l r e a d i ly  a v a i la b le  langua ge  due to  th e  com plex
number f a c i l i t i e s .  In  th e  f u t u r e ,  how ever, a lg e b r a ic  program m ing
languages may become im p o r ta n t .  An in t r o d u c t io n  to  th e s e  i s  g iv e n  in  
118re fe re n c e  . In  p r in c ip le ,  th e y  a p p ly  th e  known law s o f  m a th e m a tic a l 
m a n ip u la t io n  to  produce  an a n a ly t ic  o u tp u t  when p o s s ib le .  When n o t 
p o s s ib le ,  a p p ro x im a te  e q u a tio n s  a re  p roduced* C o m p ile rs  a lre a d y
a v a i la b le  can p e rfo rm  i n f i n i t e  sum m ations and in t e g r a t io n s ,  and em ploy 
s ta n d a rd  in t e g r a l  fo r m u la t io n s .  I t  i s  u n l ik e ly  t h a t  th e y  w i l l  be o f  
s u f f i c i e n t  s o p h is t ic a t io n  f o r  t h i s  a n a ly s is  in  th e  v e ry  nea r f u t u r e ,  b u t 
p o t e n t ia l l y  o f f e r  th e  o p p o r tu n ity  to  choose a p a r t i c u la r  b a s is  fu n c t io n  
e xp a n s io n  a t  ru n  t im e . Hence, d i f f e r e n t  g e o m e tr ie s  w ou ld  use d i f f e r e n t  
b a s is  fu n c t io n s ,  in c re a s in g  th e  e f f i c ie n c y  o f  c o m p u ta tio n .
H av ing  im p lem ented  th e  a n a ly s is ,  by w h a te ve r te c h n iq u e , th e re  a re  a 
number o f  a re a s  in  w h ich  i t  c o u ld  be u s e fu l ly  e x te n d e d . The s u r fa c e  
wave c o n t r ib u t io n s  have a lre a d y  been m e n tio n e d , w i th  th e  e x p l i c i t
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c a lc u la t io n  o f  s u r fa c e  wave power e a s i ly  im p le m e n te d . T h is  has n o t 
fo rm ed p a r t  o f  t h i s  th e s is  as th e  p rim e  m o t iv a t io n  i s  r a d ia t io n  p a t te r n  
c a lc u la t io n .  I t  i s ,  how ever, o f  im p o rta n c e  t h a t  th e  s u r fa c e  wave 
e f f e c t s  a re  c o n s id e re d  in  th e  c u r r e n t  d i s t r i b u t i o n  c a lc u la t io n ,  and t h i s  
i s  th e  case a c h ie v e d  in  t h i s  a n a ly s is .  Some a u th o rs ,  how ever, use th e  
r a t i o  o f  s u r fa c e  wave power to  ra d ia te d  power as a f ig u r e  o f  m e r i t .
One a rea  w h ich  has n o t been s tu d ie d  in  t h i s  a n a ly s is ,  i s  th e  w ide
b a n d w id th  c a lc u la t io n  o f  th e  a r re y  p r o p e r t ie s .  I t  i s  n o te d  th a t
s to p  and pass bands w i l l  o c c u r .  When th e  a r ra y  i s  n o t r a d ia t in g ,  th e
s o lu t io n  f o r  k zq becomes t o t a l l y  r e a l  (assum ing no o th e r  lo s s e s ) .  The
a n a ly s is  s h o u ld , how ever, be ca p a b le  o f  a c c u r a te ly  p r e d ic t in g  th e s e
fre q u e n c y  c h a r a c t e r is t i c s .  C e r ta in ly ,  in s ig h t  in t o  th e  n a tu re  o f  th e
F lo q u e t mode h a rm o n ic  e xp a n s io n  can be g a ined  from  th e  w ide b a n d w id th
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b e h a v io u r  o f  th e  c a lc u la t io n .  F o r f u r t h e r  in fo r m a t io n  H esse l s h o u ld  
be c o n s u lte d .
As th e  f i e l d  i n  th e  p la n e  o f  th e  board  a t  d is ta n c e s  fro m  th e  ( f i n i t e )
a r ra y  can be com puted, th e  e f f e c t s  o f  a f i n i t e  ground p la n e  may be
a p p ro x im a te d . In  t h i s ,  i t  i s  assumed th a t  any r e f le c t io n  fro m  th e
ground p la n e  edge i s  lo w . Then, from  b a s ic  d i f f r a c t i o n  th e o r y ,  th e
f i e l d  to  th e  r e a r  o f  th e  an tenn a  can be fo u n d . F u r th e rm o re , such
d i f f r a c t i o n  w i l l  c o n t r ib u te  to  w ide  a n g le  r a d ia t io n  in  th e  fo rw a rd
d i r e c t io n  and can be in c lu d e d .  These f i n i t e  g round  p la n e  e f f e c t s  a re
n o rm a lly  s m a ll f o r  d i r e c t i v e  a r ra y s  u n le s s  h ig h  s u r fa c e  wave le v e ls  a re
g e n e ra te d . In  p a s s in g , i t  i s  no ted  th a t  a s in g le  p a tc h  mounted on a
f i n i t e  ground  p la n e  has been a n a lyse d  u s in g  th e  G e o m e tric  T heory  o f
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D i f f r a c t io n  w ith  some success
In  te rm s o f  th e  c a lc u la t io n  o f  th e  r a d ia t io n  p a t te r n  p e rfo rm a n ce  o f  
r e l a t i v e l y  s h o r t  a r ra y  a n te n n a s , an a rea  o f  g re a t  im p o rta n c e  i s  th e
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t r a n s i t i o n  e f f e c t .  To im p ro ve  on th e  s im p le  m odel used in  t h i s  w o rk , co n ­
s id e r  th e  t r a n s i t i o n  in  i s o la t i o n  fro m  th e  a r ra y  ( fe e d in g ,  f o r  exam p le , a 
u n ifo rm  tra n s m is s io n  l i n e ) .  In  p r in c ip le  th e  f i e l d s  in  v a r io u s  
in te r fa c e s  can be d e f in e d  and , v ia  re le v a n t  boundary  c o n d i t io n s ,  a
s o lu t io n  fo u n d . Work o f  t h i s  n a tu re  to  a llo w  f o r  r a d ia t io n  from  th e
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t r a n s i t i o n  was u n d e rta k e n  by James and Henderson . The a c tu a l  
s o lu t io n  o f  th e  e q u a tio n s  i s  com plex and in v o lv e s  c e r ta in  a p p ro x im a tio n s .
I t  i s  f e l t  a c o m p a ra tiv e  s tu d y  o f  v a r io u s  t r a n s i t i o n  d e s ig n s  w ould  be 
e x tre m e ly  u s e fu l .  I t  i s  n o te d  th a t  th e re  i s  no re a so n  pe r se to  assume 
n e a r-o p tim u m  c o n d it io n s  f o r  lo w  r a d ia t io n  w i l l  g iv e  a t r a n s i t i o n  w e l l  
m atched to  50 ohms. F u r th e rm o re , d i f f e r e n t  t r a n s i t io n s  w i l l  u n d o u b te d ly  
have d i f f e r i n g  im pedance, r a d ia t io n  and power h a n d lin g  c a p a b i l i t i e s ,  I t  
appea rs  t h a t  a la c k  o f  c le a r  in fo r m a t io n  e x is ts  in  t h i s  a re a .
In  c o n c lu s io n ,  th e n ,  th e  w ork  re p o r te d  h e re  may be c o n s id e re d  as 
f u l f i l l i n g  two r e la te d  and , to  some e x te n t ,  o v e r la p p in g  g o a ls .
The f i r s t  may be term ed a t h e o r e t i c a l  s tu d y .  In  t h i s ,  a th e o ry  has been 
deve lop ed  w ith  th e  o b je c t iv e s  o f  a c c u ra te  c o m p u ta tio n  o f  f a r - f i e l d  
r a d ia t io n  p a t te r n s  from  m ic r o s t r ip  t r a v e l l i n g  wave a r ra y  s t r u c tu r e s .  
W ith in  th e  a p p ro x im a tio n s  a lre a d y  n o te d , t h i s  has c e r t a in ly  been 
a c h ie v e d . The i n f i n i t e  a r ra y  and moment m ethod e xp a n s io n  te c h n iq u e  
appea rs  as a v a l id  and u s e fu l  approach  to  such an a n a ly s is .  The 
im p le m e n ta tio n  used c o n f irm s  t h i s  to  be th e  case .
The second o b je c t iv e  i s c o n s id e r in g  th e  e n g in e e r in g  usage o f
th e s e  m ie r o s t r ip  t r a v e l l in g - w a v e  a r r a y  a n te n n a s . W h ile  a co m p le te  s tu d y  
i s  n o t c la im e d , se ve re  p a t te r n  l im i t a t i o n s  n o t p r e v io u s ly  re p o r te d  in  th e
l i t e r a t u r e  have been n o te d . These o cc u r in  d i f f e r e n t  ways f o r  th e  
v a r io u s  s t r u c tu r e s  c o n s id e re d  and so d i f f e r i n g  s t r u c tu r e s  w i l l  be 
a p p l ic a b le  to  d i f f e r e n t  s i t u a t io n s .  I t  i s  c le a r ,  how ever, t h a t  g re a t
159
d i f f i c u l t i e s  may be e x p e rie n c e d  in  a tte m p t in g  to  a c h ie v e  e x tre m e ly  low  
s id e lo b e  and c r o s s - p o la r is a t io n  le v e ls .
The a c c u ra c y  o f  th e  i n f i n i t e  a r ra y  approach  in  th e  e n g in e e r in g  d e s ig n  o f  
a r r a y  s t r u c tu r e s  i s  o b v io u s ly  a t t r a c t i v e .  I t  i s  f e l t ,  th o u g h , th a t  i n  
i t s  c u r r e n t  fo rm  th e  com puter tim e  re q u ire d  is  such th a t  i t  w ou ld  n o t 
n o rm a lly  be used f o r  lo n g  a p e r tu re  ta p e re d  a r ra y s  d u r in g  in t e r a c t i v e  
d e s ig n  p ro c e d u re s . Where i t  i s  e x tre m e ly  u s e fu l i s  in  th e  i n i t i a l  
c h o ic e  o f  e lem en t s t r u c tu r e ,  h ig h l ig h t in g  p o s s ib le  g ro s s  r a d ia t io n  
p a t te r n  d i f f i c u l t i e s ,  and th e  f i n a l  v e r i f i c a t i o n  o f  a d e s ig n .
F u tu re  im p le m e n ta tio n  o f  th e  a n a ly s is  deve loped  in  t h i s  th e o ry  may w e l l  
overcom e th e s e  d i f f i c u l t i e s ,  a t  le a s t  to  some e x te n t .  One may 
c o n f id e n t ly  a n t ic ip a te  w id e sp re a d  use o f  g ra p h ic s  te c h n iq u e s  in  th e  
p re p a ra t io n  o f  in p u t  d a ta  and d is p la y  o f  r e s u l t s .  These, co u p le d  w ith  
f a s t  c o m p u tin g , may w e l l  y ie ld  a u s e fu l  d e s ig n  package.
F in a l l y ,  fro m  th e  r e s u l t s  o f  t h i s  w ork th e  f o l lo w in g  broad c o n c lu s io n s  
w ou ld  appear re a s o n a b le . M ic r o s t r ip  t r a v e l l in g - w a v e  a r ra y s  do have 
d e f i n i t e  a re a s  o f  a p p l ic a t io n ,  and re a s o n a b le  pe rfo rm a n ce  le v e ls  a re  
p o s s ib le .  Such a r ra y s  do n o t ,  how ever, re p re s e n t a v ia b le  s o lu t io n  to  
some an tenna  p ro b le m s . F u r th e rm o re , g re a t  ca re  must be ta k e n  in  d e s ig n  
p ro c e d u re s  to  c o n s id e r  o f f - a x i s  r a d ia t io n  p a t te r n  p e rfo rm a n ce  and 
p o la r is a t io n  p r o p e r t ie s .  The a d m it te d ly  com plex a n a ly s is  deve lop ed  in  
t h i s  w ork  re p re s e n ts  a s ig n i f i c a n t  s te p  fo rw a rd  in  th e  a c c u ra c y  o f  
r a d ia t io n  p a t te r n  p r e d ic t io n .  A n a lyse s  o f  t h i s  le v e l  o f  c o m p le x ity  
appea r n e ce s sa ry  f o r  a c c u ra te  r a d ia t io n  p a t te r n  p r e d ic t io n s .
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APPENDIX I GREEN'S FUNCTION DERIVATION IN THE PERIODIC ARRAY
ENVIRONMENT
As shown in  C h a p te r 3 .2 ,  th e  g e n e ra l s o lu t io n  f o r  th e  f i e l d s  in  an 
i n f i n i t e  p e r io d ic  s t r u c tu r e  ta k e  th e  fo rm  o f  a d is c r e te  s e t o f  ha rm on ics  
in  th e  d i r e c t io n  o f  p e r io d ic i t y .  In  th e  th re e  re g io n s  o f  F ig u re  3 ,1 ,  
th e  f i e l d s  can be expanded ( c . f .  C h a p te r 3 .2 )  as shown b e lo w . The n o ta t io n  
a d op te d  i s  a s u f f i x  ’ t '  r e p re s e n t in g  th e  d i e l e c t r i c  re g io n ,  ’ h ' th e  
in te rm e d ia te  re g io n  and ’ s ' th e  f r e e  space re g io n  o f  F ig u re  3 .1 .
( i )  The d ie le c t r i c  re g io n  - tg x g o
The e le m e n ta ry  wave f u n c t io n  m ust now s a t i s f y  th e  boundary  
c o n d i t io n  a t  th e  g round p la n e  (x = ~ t)
x/\E = 0
S ta n d in g  waves may now e x is t  and th e r e fo r e  1 .2  m ust be m o d if ie d
to  g iv e
OO
A
y i
a (k  ) s in ( 6  x + t ) e  n „  
n  y n dk
_ _ A1.1
—OO
-  -  A 1 .2
w here a (k  ) i s  th e  a m p litu d e  c o e f f i c ie n t  o f  A in  th e  d i e l e c t r i c  r e g io n  
n  y  y
b (lc ) i s  th e  a m p litu d e  c o e f f i c ie n t  o f  A„ in  th e  d i e l e c t r i c  re g io n  
n y  z
6 is  th e  x - d i r e c te d  wave number i n  th e  d i e l e c t r i c  re g io n  
n
A t ,A  t  a re  th e  m a g n e tic  v e c to r  p o t e n t ia l  c o e f f ic ie n t s  i n  th e  
y z
d i e l e c t r i c  re g io n
A ls o
- -A1.3
k  th e  fre e -s p a c e  wave number 
o
where is the dielectric constant (relative permitivity).
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(ii) The intermediate region 0$x$h
In  t h is  re g io n  b o th  ± x -  d ir e c te d  waves can e x i s t .  T h e re fo re ,
OO • • •
w “  " j v ^ x  J v x  - j k  Z - J k  y
A = J fc (k )e  + d ( k ) e  l e  nv L n y n v Jn = -o o dk  A 1 .4
- j v  x
Y [e  (k  )e  n +g (k  )e  n IAh = „ .
z u u n y n=-°° J— OO
JV x  - j l c  z - j l c  
J n i z J y 1 e n
dk
 A 1 .5
w here  v is  th e  x -  d ir e c te d  wave number 
n
and v 2 + lc + lc2 = k 2 n z y on  J
 A 1 .6
( i i i )  The fre e -s p a c e  re g io n  h$xg°°
In  t h is  re g io n  o n ly  th e  o u tw a rd  x - d ir e c te d  wave need be c o n s id e re d  
( i . e .  r a d ia t io n )  as th e  re g io n  e x te r n a l to  th e  a n tenn a  is  assumed f r e e  
fro m  o b s t ic a ls  e tc .  ( f r e e  s p a c e ) . Hence
AS = I
y  n = - c
- j v  x - h - j k  z - j k  y  
I  (lc ) e n
n y dk
 A1.7
A" = I.z L n=-°°
m (k  )e  
n y
• jv nx - h - j k z z - j k yy
dk -  A1 * 8
H a v in g  fo u n d  th e se  e x p re s s io n s  f o r  Ay , A ^ , th e  b ound a ry  c o n d it io n s
a t  th e  in te r fa c e s  be tw een th e  re g io n s  m ust be a p p l ie d .  F o r co n ve n ie n ce
o f  n o ta t io n  a , b , c , d , e , g , & ,  and m a re  assumed i m p l i c i t l y  to  n n n n n n n  n
be fu n c t io n s  o f  k  .v
(a ) The d i e l e c t r i c  b o u n d a ry , x=Q
A t t h i s  b o u n d a ry  th e  ta n g e n t ia l  E_ and H f i e l d s  m ust be c o n t in u o u s .
W ith  A = A y  + A z th e se  can be w r i t t e n  (fro m  th e  d e f i n i t i o n  o f  A)
-  y -  z -  -
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- jw A  + 1y —jwey
32A . 32Ay + z
W  7 7' J Z y
 A1.9
E = z jioep
a-2 A 32A
 y  +  £
3 3 L y  2 3.
  A 1 .10
h = 
y
3A
“  X   z
V a
A1.11
-  A 1.12
v v L sh » »  J
S u b s t i t u t io n  in  A 1 .9  to  A1*12 fro m  A1«1, A 1 .2 , A 1 .4 , A 1 .5  and 
e q u a tin g  E ^, Ez , H^, a t  x=0 le a d s  to
a s m ( g  t )  ( k 2e -lc2) -  k  k  b s in g  t  
n n o r y  y z n  nn
= e (c  +d ) ( k 2- k 2) -  k  k  e fe +g 1 
r  n n o y y z r u n tonJ
 A 1* 13
b s m ( g  t )  ( k 2e - k  2 ) -  lc k  a s m ( g  t )n n o r z  y z n  n
n J n
= e (e +g ) ( k 2- k  2) -  e lc lc (c  +d ) 
r n  n o z  r y z  n nn J n
  A 1 .14
I b co s (g  t )  = - j v  (e  - g  ) 
n n  n J n n 5n -  ‘A 1 .15
a g c o s ( g t )  = - j v  (c  - d  ) 
n n n n n n
-  A 1 .16
(b ) The F ree-S pace  bound a ry  x=h
A t t h is  b o u n d a ry , th e  ta n g e n tia l E and no rm a l H f i e l d  com ponents 
w i l l  be c o n tin u o u s . Hence, fro m  A 1 *9 , A 1 .10  and A 1 ,4 * A 1 .5 , A 1 .7 , A 1 .8  
we h ave :
- j v  h j v  h - j v  h j v  h
( k 2—k 2) (c  e n +d e n ) -  lc k  (e e n +g e n ) = ( k 2- lc 2U  -  k  k  m o y n  n  y z n  e n  o y n  y z nJ n
“ “ A1.17
- j v h  jv h  “ j v  h 3v rib
(ko ' kz ) ( e ne +8ne > -  kz ky ( c ne +dne 5 = (kQ-kZ2) V kZ k/ nn n n n
  A1.18
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- j v  h - j v  h - j v  h j v  h
k ( e e  n + g e  n ) -  k ( c e  n + d e  n ) = k m “k I y n n z n  n y n z  nJ n n
  A1.19
Now, m u l t ip ly in g  by k  and s u b s t i t u t in g  in  A 1 . 1 .
n
- j v h j v h  -jv h jvnb
(k  2-lc 2) ( c  e n +d e n ) -  k  1cm +lc2 I, - k 2 ( c  e n +d e ) 
o y n  n z y n z n z n  n
n J n n
= ( k  2- k  2 ) £ -  k  k  m
o y  n y  z n
o r
- j v  h j v  b
(lc 2-lc  2- k 2 ) ( c  e n +d e n ) = (k  2~k 2-lc2 H  
o y z n  n o y z n
J n J n
g iv in g
_ jv n t y  j v nh = *   A1‘ 20c e +d e nn n
S im i la r l y ,  m u l t ip ly in g  A 1 ,19 by k y and s u b s t i t u t io n  in  A1 *17 le a d s  to  
- j v h  j v  h
e e + g e = m  -  -  -  . A1*21
n n n
Now c o n s id e r  th e  o r i g in a l  H e lm h o ltz  d i f f e r e n t i a l  e q u a tio n  f o r  
A , nam ely
V2A+k2A = - y j  --------- . A 1 .22
The c u r r e n t  so u rce  i s  an i n f i n i t e s i m a l  sou rce  p la c e d  a t  x= h , y = y ’ . 
z= z ’ , o r ie n ta te d  in  th e  y - z  p la n e . The c u r r e n t  d e n s ity  can th e r e fo r e  
be e xp re sse d  as
A /V
J_ = ( J y+  J z) 5 ( x - h )  6 ( y - y 1) 6 ( z - z 1) -  -  -  A 1 i2 3
y z
w here J and J a re  s c a la r  c o e f f i c ie n t s  and 6 ( f )  i s  th e  D ira c  d e l ta  y  z
fu n c t io n .  T h is  f u n c t io n  c o n s tra in s  th e  c u r re n t  so u rce  to  be
a p o in t  so u rce  as by d e f i n i t i o n  6 ( f - f ! ) = 0 when f / f 1 
f 1+A
and |  6 ( f - f 1) d f  = 1 w here A i s  a in f in i t e s im a ls  in t e r v a l  i n  f .
f  f -A
We may therefore re-write equation A1-.22 Ss
V2A+k2A = - y ( J  y+J z ) S ( x - h ) 6 ( y - y 1) 6 ( z - z ' )
—  o—  y—  z—
/v A
w it h  A = A y+A z -  -  -  A10 24—  y—  z—
Henc^ we may ex p re ss  A 1 .24 as two s c a la r  e q u a tio n s .
92A 32A 32A
 y +  y  +  X. + lc 2A = - y  J ( y , z ) 6 ( x - h ) 6 ( y “ y , ) 6 ( z - z ’ ) -  -  -  A 1 .25
3.x2 3y2 3z2 °  y °  y
32A 32A 32A
 E. +  Z- + ------   + k  2A = - y  J (y  ,z )  6(^-h) 6 ( y - y f ) 6 ( z - z ' )  -  -  -  A 1 .26
9 „ o  _ o O Z  O Z
3x2 3yz 3zz
w here  Jy , J z a re  fu n c t io n s  o f  y and z ( c u r r e n t  so u rce  in  y - z  p la n e ) .
I n i t i a l l y ,  c o n s id e r  CAT,2 5 ) .  As th e  s t r u c tu r e  i s  p e r io d ic  in  z o n ly ,
— ik
A^ w i l l  have a y -dependence  o f  th e  fo rm  e y and a z-dependence o f  
e ^ z r \ Z w i t h  n any in te g e r  v a lu e  ( F lo q u e t 's  T heorem ). Hence A 1 .24  can 
be w r i t t e n
a2
—  A + (k  2- k  2-lc  2) A = - y  J ( y , z )  6 (x -h )  6 ( y - y ' ) 6 ( z - z  ’ ) -  -  “ A 1 .27
,  2  y  o y  z y  o y 3x2 J J n 7
w h ic h  i s  t r u e  f o r  a l l  k zn
Now, c o n s id e r  some p a r t i c u la r  v a lu e  o f  n -  c a l l  i t  p ,  w here “ ^ p ^ 00 
m u l t ip ly in g  b o th  s id e s  o f  A 1 ,2 7 b y  e^.^yy+^ ^ z p Z and in t e g r a t in g  o v e r 
one u n i t  c e l l  le a d s  to
w here A re p re s e n ts  th e  p tb  v a lu e  o f  A (N o te  t h a t  A i s  n o t
yp y y
dependent on p ) .
Equation A1 ,28 now becomes
—  A + (k  2+k2+lc2 )A  = - y  J (y  ,z  )<5v-h)£? z y
. g y  z y o y  o y3x2 J p n  J J p J
 .A1.30
w h ic h  is  t r u e  f o r  a l l  v a lu e s  o f  p .
Now, in t e g r a t in g  A 1 .30  o v e r a s m a ll in t e r v a l  i n  x  a round  x = h g iv e s
x=h+Ah
3 A 
a y P
' x  x=h-Ah
j k znZ ,+ jkvy '
- y oJy^y ’ »z ’ ) e
_ _ A1.31
w here Ah is  a v a n is h in g ly  s m a ll in t e r v a l  in  x .
A t x<h , k ^ - k ^  , and i s  g iv e n  by e q u a tio n  A1«4. T h e re fo re ,  
s u b s t i t u t io n  i n  A1.29  g iv e s
- j k  z - j k  y 
r \ “ JV x  , ,, N j v  x i  z. n  y
|c. (k  ) e n + d (k  ) e n I e dkyL n v y  n y •'
CO L P °°r s OO
y/.
n=-°°—OO o U —OO
j k  z + jk  y
4 zp y
dzdy
R e -a rra n g in g  t h i s  g iv e s
I t  can now be seen th a t  th e  k  and y in te g r a t io n s  a re  in  f a c t  a 
F o u r ie r  I n t e g r a l  a p p lie d  tw ic e .  Hence fro m  th e  F o u r ie r  I n t e g r a l
Theorem A 1.32 becomes 
-hA = 2tt 
yP
(*L 00 - j ( k  - k  ) z
SI  e zn zp [ c  (k  ) e~ n X+d (k  ) e +JV l  ------------ A 1 .33
L *  L n y  n y Jn=-oo J J
- j ( k zn“ kz )z
Now as L g is  th e  p e r io d ic i t y  ° f  th e  fu n c t io n  e n p , use o f  th e
o r th o g o n a l i t y  o f  th e  e x p o n e n t ia l f u n c t io n  e 8 Ze 2 z 
 ^
im p l ie s  A = 0  u n le s s  n = p . 
yp
T h e re fo re  A 1 ,3 3 becomes
A n = 2'ir.L fc  (lc )e  ^ VnX +d (k  ) e JVnX]\t c L n x v  «n xr
J V X,
n
s '-  n  y n y
  A 1 .34
S im i la r l y ,  i n  th e  re g io n  x>h , A is  d e r iv e d  fro m  e q u a tio n  A1«7 to
yn
g iv e
— s = 2 A  I  (k  ) e " jV n (x " h) 
y  s n yJn
  A 1 .35
T a k in g  th e  d e r iv a t iv e  w i th  re s p e c t to  A 1 ,3 4 i A 1 ,35  and s u b s t i t u t in g  in  
A1 .*31 w i th  Ah-K), we have
j k  z '+ j k  y 1
SL (k  ) - c  (k  )e  JVn +d (lc )e JVn = - j y  J ( y ' , z ' )  e Zn y -  -  -  A 1 .36
n y  n y '  n y o y
v 2ttL 
n s
Now c o n s id e r  e q u a tio n  A 1 .2 6 . P ro c e e d in g  in  a s im i la r  way to  th e  above , 
we can see th a t
3 x  P
x=h+Ah
x=h-Ah
+ jk  z ’ + jk  y '  
= " y oJ z ( y ’ ,Z ’ )e  p
w i th
L 00 •s j k  z + jk  y
. zp y  j  j  A e J dydz
z
o
Hence, u s in g  e q u a tio n s  A1 ■ 5, A 1 .8 , and th e  c u r r e n t  so u rce  e q u a tio n s  o u t l in e d  
above
176
j  k  z ’ + j  k  y 1
V y W 6'"j Vnh+8„ ( ky ) eJVn^ ^  y - - - A1‘ 37
v 2irL 
n s
E q u a tio n s  A 1 .13  to  A 1 .1 6 , A 1 .20  to  A1.21 and A 1.36  to  A 1.37 fo rm  a s e t  o f
s im u lta n e o u s  e q u a tio n s . I n  o rd e r  to  d e te rm in e  th e  E# H f i e l d s  in
th e  e x t e r io r  re g io n  o f  th e  p e r io d ic  s t r u c tu r e  ( ra d ia t io n )  th e  e q u a tio n s
m ust be s o lv e d  f o r  Z and m . T h e re fo re ,  f o r  co n v e n ie n c e , th en n 7 7
e q u a tio n s  a re  r e s ta te d  as fo l lo w s :
V in ( B n t )  ( k o2er ~k y 2 ) ' k y k z bns in ( B nt)_ £ :r (c n+dn ) ( k o2- k y 2 )+ k y k z er (e n+8n)
n n
=0  A 1 .38
bn s in (B n t ) ( k o2er~ k z ^ ) " k y k znans in ( B n t ) " er (e n +8n )
=0  A 1 .39
0 b co s (0  t ) + j v  (e - g  ) = 0 -  -  -  A 1 .40
n n n n n n
a 0 c o s (0  t ) + j v  (c  — d ) = 0 “  “  A1*41
n n n n n n
c e- j v nh +d e j v nh-Jt = 0   A 1 .42
n n n
e e ^ Vn5 +g e ^Vn5 - m = 0  “  “  “  A 1 .43
n 6n n
• rf j k  z '+ j k  y T
Z - c  e JVn +d eJVn = - j y  J ( y ' , z ’ )e  zn . y -  -  “  A 1 .44
n n n o y_________
v 2ttL n s
^ Vnh +g e ^Vnh = - j y  J ( y 1 , z f ) e ^ kznZ + ^ y y  A1„45
v 2nL 
n s
In  p r a c t ic e ,  i t  i s  r e q u ire d  to  a n a ly s e  a m ic r o s t r ip  c o n f ig u r a t io n .
T h e re fo re ,  s e t  h = Sli, w i t h  6h v a n is h in g ly  s m a ll.  The re a so n  f o r  in t r o d u c in g  
a g e n e ra l d is ta n c e  h was to  s im p l i f y  th e  a p p l ic a t io n  o f  b ound a ry  c o n d i t io n s ,  
seen in  d e r iv in g  e q u a tio n s  A1.1-2-^A1.1 5 .  T h is  le a d s  to  th e  e q u a tio n
- - - A1.46
1 79
b s in ( g  t )  (k  2e -lc  2) - k  k  a s m ( g  t ) - e  (g  +e ) (lc 2- k  2)+e k  lc (c  +d ) = 0 
n n o r z  y z n  n r  &n n o z r y z  n n  
n J n n J n
  A 1.47
g b co s (g  t ) + j v  (e - g  ) = 0 -  -  -  A 1 .48
n n n J n n &n
a g c o s (g  t ) + j v  (c  - d  ) = 0    A 1.49
n n n n n n
c +d -£  = 0  A 1 .50
n n n
e +g -m  = 0 -  -  -  A1,51
n °n  n
j k  z ’ + jk  y ’
£ - c  +d = - j y  J ( y ’ , z ’ )e  Zn y  -  _ -  52
n n n o y  J
2mL v s n
j k  z ’ + jk  y ’
mn” en +gn = ~ 3] io J z (y  ’ 9 z ' )e  ^  *   A 1 .53
2irL v 
s n
k  2e = k  2+k 2+g 2------------------------------------------------------------------------------- -----A1 • 54o r  z y n
n
k  -  k  +2im -  -  -  A 1 .55
z z T n  o L s
lc 2 = k  2+k 2+v 2-----------------------------------------------------------------------------------------A1. 56°  zn y n + .
w here th e  e x p o n e n t ia l f u n c t io n  V ■+■ 1«
The e q u a tio n s  A 1.5 2 * A 1* 5 3 a re  r e la te d  to  a p o in t  so u rc e  u n i t  a t  ( y ’ , z ' ) ,  
and th e  Green F u n c t io n  may be e x p l i c i t l y  d e te rm in e d  fro m  them . To
d e te rm in e  th e  e f f e c t s  o f  a c u r r e n t  d i s t r i b u t i o n  t h i s  i s  in te g r a te d
o v e r  th e  c u r r e n t  -  c a r r y in g  s t r i p .
D e fin e
j k  z ’ + jk  y '
I . .  = f J  ( y f » z ') e  Zn y  d y ’ d z ’   A 1.57
2ttL  vs n s t r i p
I  = - j y  
z J o
j  lc z ' + j  k  y  ’
J ( y ' , Z ’ )e  zn y d y 'd z '  A1 - 58z
2ttL v  ^ . 
s n s t r i p
Now, th e  e q u a tio n A 1 «46 -> A1 • 53 y ie ld  r e la t io n s h ip s  be tw een th e  v a r io u s  
v e c to r  p o t e n t ia l  c o e f f i c ie n t s  f o r  any p o s i t io n  ( y ’ , z ’ ) g iv e n  J ( y ’ , z ?) ,  
J ^ ( y ' , z ’ ) . I f  e q u a tio n s  A 1 . 5 2 ,A1.53 a re  in te g r a te d  o v e r  th e  s t r i p ,  
th e  f o l lo w in g  e q u a t io n  r e s u l t s :
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a -  c + d = i  n n n y
  A1.59
m -  e + g = I  n n °n  z
  A 1 .60
Hh h
w here Jl , mn e tc .  now re p re s e n t th e n  harm on ic  a m p litu d e  o f  th e  v e c to r  
p o t e n t ia l  due to  th e  e n t i r e  c u r r e n t  d i s t r i b u t i o n .
S u b s t i t u t io n  o f  ( c ^  ± d^) and (e^ ± g ) fro m  e q u a tio n s  A 1»5 9 ,A 1.6 0 ,A 1* 5 0 ,A1.51 
in t o  A 1 .46  to  A1.49  g iv e s :
a s in ( 8  t )  (k  2e - k  2 ) - k  k  b s in ( 8  t ) - e  Jl (k  2- k  2)+ k  k  e m = 0  
n n o r  y y z n  n r n  o y / y z r nn J n
  . A 1*61
b s in  S t )  (lc 2e - k  2 ) - k  lc a sx n (8  t ) - e  m (k  2- k  2)+ e  k  k Jl = 0 
n n o r  z y z  n n r n  o z r y z  n n  J n n J n
b 6 co s (8  t ) + j v  (m - I  ) = 0 n n n J n '  n  z '
  A 1 .62
  A 1 .63
a 6 c o s (8  t ) + j v  (Jl - I  ) = 0 n n n J n n y
  A 1 .64
S o lv in g  A1.6 3  and A1«64-f o r  a , b ^  g iv e s
b = - j v  (m - I  ) n J n n z '
6ncos(Bnt)
a = - j  v (Jl - I  ) n J n n y
8 co s (8  t )  n v n
These v a lu e s  can now be s u b s t i t u te d  in t o  A 1,60 and A 1.6 2 .to  g iv e ,  a f t e r  
r e - a r r a n g in g :
I “ j  v ta n (8  t ) ( k  2 e - k  2) - e  (k  2- k  2) +m j v  ta n (8 t ) k  k  +k lc en n n o r  y  r  o y n n n y z  y z r  
- —  J n n
- . - n
j v  ta n (8  t )  (lc 2e - k  2) 
J n n o r  y
n
- I j v  k  k  ta n (8  t )  J n y  z v^n 
J n
n
=0   A 1 .65
n
j v  k  k  ta n (8  t ) + e  k  lc J n y z  n r y z- —  J n J n
-mn j v  ta n (8  t )  (k  2e - k  2 )+e (lc 2- k  2)J n n '  o r  z r  o z  -----------  n n
n
- I j v  k  lc ta n (8  t )  J n y  z n
J n
n
+1 j v  ta n (8  t )  (lc 2e - k  2 ) J n n o r  zn
n
=0  A1.66
L e t  j v n ta n ( g n t ) ( k 02er - k y 2)+ e r (k 02- k y 2) = Rn
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n
iv  ta n (g  t ) k  k  +k k  e -  S J n n y z  y z r  n 
J n J n
n
-  A 1 .67
  A 1 .68
iv  ta n (g  t )  
J n n
n
I  (k  2e - k  2 ) - I  k  k  
y  o r  y z y  zn
= T   A 1.69
j V an(Bn t ) ( k o2er " k z )+ e r ( k ol k Z2) = Uti 
Sn
_ A1.70
j v  ta n (8  t )  
n n
n
I  (k  2e - k  2) - I  lc k  
z o r  z y  y z n n
= V
n
  A1.71
A1.B5 becomes
-£  R +m S +T = 0 
n n n n n
and A 1.66
£ S -m U +V = 0 n n n n n
Hence
£ = - f u  T +V S 1n n n n n J
[s 2-R u ln  n r r
m = “  [v  R +S T ]  n L n n n n-*
fs 2-R U j  u n n nJ
From w h ic h
£ = -1  n
Fs 2-R U ] L n n nJ
- v  2ta n 2 (8 t )  
n n
(k  2e - k  2 )+g  e (k  2- k  2) ( I  (lc 2e - k  k  I  ) 
v o r  zn n S  o zn y o r  y  z z
j v ntan (gnt }
v 2 ta n 2 (g t )  n n
( I  (lc 2 e -lc  2) - I  k  k  ) (lc k  + 8 k  k  e j  z o r  z y y  z y z  n y z  r
n
z '  y  
n  3 J n n n
j v ntan(6nt y
re a r ra n g in g  and a p p ly in g  e q u a tio n  A1.5 3  le a d s  to
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& = - j v  t a n (8 t )
n J n_____ n
8 Fs 2-R  U Jn L n n nJ
jVntatl(Bnt >ko 2er 6n+Crko 2(kz2 (1 - £r )+en2'J
+1 k  k  k  2e (e - 1 )  
z y  z o r  r  
J n
 A1.72
S im i la r l y :
mn = ” j v n ta n (8 n t )
8 fs  2-R  U 1 *n  •- n n nJ
I  (k  2 e  fk  2 ( l - e )+8  2V j v  ta n (8  t ) 8  k  2e ) 
z o r [  y  r  n n n n o r
■ I  k  lc k  2e (1 -e  ) 
y  y  z o r  r  n
-  A 1 . 7 3
R e w r it in g  .A 1 .72 , A 1 .73  g iv e s
& = - j v  ta n (8  t ) lc  2e
n n n o r
8 fs  2-R  U 1 n L n n nJ
Bn2 ( j v ntan(Bnt ) +l ) +kz2(1 ‘ e r )|+IZ(e r ‘ :L)kykZn
n
n
  A1.74
m = - j v  ta n (8  t )  k  2e n J n  n  o r
8 fs  2-R  U In L n n n-’
8 2 / j v  ta n (8  t )  n +k 2 ( l - e  ) 
Hn ( J n n +1) y  r
+1 k  lc (e - 1 )  
y y  Zn r
  A 1.75
Now, from A1«67 *> A1.71
fs  2-R  U 1 = - j v  ta n ( 8 _ t )  k  2e 
<- n n n *  n n o i
n
8 ,v n (  n
j t a n ( 8 ^ t )
+ jv  ta n (8  t ) - 2 8 )  J n n
(l-£ ) (k 2+k 2)
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L e t P = 
n n n
+ jv  ta n (B  t ) - 2 3  
J n n n
j t a n ( 8 n t )
- ( 1 - e  ) (lc 2+k 2) 
r  z y n J
  A1.76
th e n
\ 8 / n
+1 (e - l ) k  k  
z r  y  z
n
  A 1 .77
m = 1
n pn
+ 1 gn7  jVntan(Bnt ) +l Y ky 2(1~Er ) 
L- I V 6u /
+1 (e - l ) l c  k  
y r  y  z
n
-  -  A1.7B
s s
These e q u a tio n s  re p re s e n t th e  r e q u ir e d  r e s u l t  as A , A depend o n ly  on
y 2 tk
th e  Jl , m (hence th e  c u r r e n t  d i s t r i b u t i o n ) , and th e  unknown ze ro  
n* n
o rd e r  wavenumber i n  th e  z - d i r e c t io n ,  k zo
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APPENDIX 2 APPLICATION OF THE MOMENT METHOD TO THE CALCULATION OF 
THE CURRENT DENSITY DISTRIBUTION
Appendix 1 has derived equations for the vector magnetic potential in 
the exterior region in terms of the current distribution. From simple 
expansion of the magnetic vector potential, it is clear we may write 
on the conductor surface
E = jii) Z
y n=-°°
• »
{1 (k2 - 1 ) + k k m -jk z - jk y + jv 6hn _y y zn n } e u 2n y n dkv
,2 - y
E = jw I 2. J n=-c
o
-----
{m . (k 2 - 1 ) + k "k 1 , e ^ znz - jk y + jv 6h n zn y zn n) y n dkj-z  — P —  y
° °  A2-2 .
where the prime denotes a point on the upper conductor (placed at 
x *= Sh). The tangential E field on the conductor surface must be 
zero, hence Ey = E^ = 0, Recalling that 1^, m^ can be expressed in 
terms of the current distribution (equations A 1.77, A1.7B, A1.57, 
A1.58), equations A2.1, A2.2 can be written as the operator equations:
Ey ■ 4  (y  + 4  (v  ■ °
E = L, (J ) + L. (J ) ■ 0 z 3 y 4 z
The principles of the moment method expounded in Chapter 3.3 can then 
be applied.
NR (V 3 CY ) , ,*z ,zExpress J^Cy ,z ) = ^  Cr (y ,z ) —  A2.3
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y zHere, it is assumed J , J are known.(the basis functions) andr r
v zC ,C are unknown coefficients. One form of basis function r r
particularly convenient in analysing generalised structures is a 
pulse (Chapter 3.3) so that the structure is split into NR segments 
and the rlh basis function exists only on the rth segment. If a 
rectangular pulse is assumed across each segment and the equation 
satisfied at the centre of the segment, the current is a precise solution 
only at the centre of the segment (known as point matching). Mathe­
matically, we therefore writes
til
J ^ C y ' j Z 1) = 1 y ’ jZ 1 on th e  r  segment
j ^ 7 ( y ’ >z l ) = 0 o th e rw is e  A2,4
S im i la r ly
J Z ( y f , z ’ ) = 1 y ' z ’ on th e  r tb  segment 
= 0 o th e rw is e
th
 A2.5
Now c o n s id e r  th e  r  segm ent to  have d im e n s io n  2Ay , 2Az and a c e n tre
c o o rd in a te  y  , z r  r
then write
i y -
j k z z '+ j k  y '  
J r ( y ’ z ' ) e  n d y , d z ,
s t r i p
H ence, f o r  a p u ls e  fu n c t io n
j k z z '+ j k y y ’ 
e n d y 'd z '
f
= IJ .
thr seg
z +Azr r jlc z ’ J z e n
y r +Ayr
e^kyy 'dy'dz'
z -Az 
r  r y -Ayj r ; r
 A2.6
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T h u s :
iy = 4 
r
j ( k z V V A i n O t  Az ) s in ( k  A )
 A2.7
z
e n
k  k
z y
z r  n y y r
S i m i la r l y ,
j  (k  z +k r )
j  z J k , _ z ' + j V ' d v ’ dZ ' = 4 e zn r  y  s in ( k z^ z ^ ) s in ( k y Ay )
I Z = 
r n
s t r i p
k  lc z y
n r
_ -A2.B
S u b s t i t u t io n  in  A1»57, A1.58 with A2.3 gives 
NR
I  = - j u n 
y ____2-
2ttL v s n
I cy .x  z ( y ' » z ' )r  r
r = l
 A2.9
NR
I crZ .IrZ (y',z')
;------- r = l2ttL v s n
A2.10
w i t h ,  f o r  th e  p u ls e  f u n c t io n
j  (k  z -He y,.)
I  z = I  y  = 4 s in ( k  A ) s in ( k  A ) e Zn r  y r
r r t—nr- z„  z~ y y,.k  lc
z y
n r
A2 o 11
Now from equations A1.77, A1.78 we have 
r NR
2ttL v P s n n
NR
-I. C y I  y ( je  V ta n (e  t)+e.2+k2 ( l - e  ) ) +  I  C ZT z r  r  n n n n- z r  . * L\  r  r- r ~ l  n rc=i
(e  - l ) l c  lc 
r  y  zn
mn = - j y o
2irL v P s n n
A2.12
r NR RR
' Cr ! l t ! ( i V n t m V T ^ (1 ' £k 1C/ I r lEr - 1)lt/ z
A2.13
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For convenience* set
Q = 1  - j yn -p- o
n 2ttL v 
s n
th e n # th e  o p e ra to r  e q u a tio n s  A 2 ,1 , A 2 .2  can be e x p l i c i t l y  w r i t t e n :
NR - j k  z ’ - j k  y '  j v  Sh
0 = E = jw  I
y n=-<»
Q X I  C y l  y  
n n r  r  r = l
z
e n y n JIe dk
+jw I
n=-oo
NR
Q Y I  C ZI  Z n n r  r  
r = l
- j k  z ' - j k y '  j v  6h ,, 
e n y  e n dIS —  A 2.14
0 = E = j “  I
n=-°°
nr
Q W I  C z l  2 
n  r  r
~ jk  z T- j k  y '  . 
e zn /  „jv<5h
e" dk
. y
n=-oon=-oo
NR
Q Y I  C y I  y 
n  n r  r
- j k  z - k  yz y J V(->h
e n y e dk
w here
A 2.15
Xn = 2V
k 2 no lc ^o
—  A 2.16
Y = k  k  (v  2+ jg  v ta n (B  t ) + k  2 e  (k  k  - 1 )  
n y z n  n n  n o r y z  
  n y n
lc 2 o
If 2
W = j8  v  ta n (g  t )  z -e  v 2- k  2 (lc 2+k 2) n n n  n / n 1 N r n  z z y 
(----------1)  n n
k  2 2o k  z
4 2 .1l?
—  A 2.1B
= 1n p -  °
n 2ttL v 
s n
—  A 2 .19
P = 3 (v 
n n n + jv  ta n (g  t ) - 2 g  ) - ( 1 - e ) (k  2+k 2)_______________ n n n r  z y
jtan(3 t) nn
—  A2.2G
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Furthermore, if we set
R -  I
r n=-°°
o x rn n r
- j k  z ' - j k  y '  . 
e zn y dk
K ‘ l
n=
T = I  r  Ln =-co
U = I  r  Ln = -o o
Q Y I  n r
Q W I  n n r
- j k  z ' - j k  y .
. yy eJv« hdke n
- jR z z ' - j k  y ’ . 
e n 7 eJ dk
Q Y I J xn n r
n  - j kz z ’ - i k  y f jv6h
n *  eJ dk
We may w r i t e  on th e  s u r fa c e  o f  th e  c o n d u c to r
NR NR
E = 0  = jw  I  c y .R +j Wy C z .sy  , r  r  , r  r
r = l r = l
NR NR
e = o = jw  y c y .u  +jw  y C 2 ,T
z t r r J L\ r rr=l r=l
Now t h is  is  t r u e  f o r  e v e ry  p o in t  on th e  c o n d u c to r  s u r fa c e .  T h e re fo re ,
th e  s u r fa c e  can be s p l i t  in t o  a number o f  segments and s o lv in g  th e se
. . .  v  ze q u a tio n s  w i l l  y ie ld  v a lu e s  f o r  C^J , e tc .
L e t  any p a r t i c u la r  segment be re p re s e n te d  by p and 
l e t  th e re  be NR segments in  a l l .  T h e re fo re
NR NR
y C y  . R + I  C ,S 
i r  rp  _t rr = l r = l
rp
= 0   A2.21
NR , NR
y c y .u  + y c z . t  = o
L . r  rp  L . r  rp  
r = l  r = l
A2.22
p « 1 . . . .  NR
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w here R , S , U , T a re  th e  fu n c t io n s  R , S , U , T e v a lu a te d  
r y ’ r p ’ r p * rp  th  r  r  r  r
a t  p o in t  p , th e  c e n tre  p o in t  o f  th e  p segm ent. T h is  i s  e q u iv a le n t  to  
c h o o s in g  a aelta-function type weighting function (Cnapter 3 . 3 ) .
I n  m a t r ix  fo rm , sq u a tx o n s  A 2 .2 1 , A 2.22  become
R . C +S . C = 0
“  ~y ”  ~ z
  A 2 .2 3
U . C +T . C = 0
“  - y == - z
  A 2 .24
w here  C C are column v e c to rs
- y - z
ivy
C =
- y
JNR
R, S, U and T a re  (NR x  NR) m a tr ic e s  o f  c o e f f ic ie n t s  R , S , U and T “  = ’ =  =  rp  rp  rp  rp
M a n ip u la t io n  y ie ld s :
(T -  U . R_1 . § )  . Cz = 0
F o r t h is  to  have a n o n - t r i v i a l  s o lu t io n
D et IT -  U . R-1  . S| = 0 --------- A 2 .25
Now a l l  th e  e lem en ts  o f  m a tr ic e s  JD, |J, R, depend o n ly  on and
known f a c to r s .  Thus, k  can be fo u n d  and hence C , C found?
z — z — y
P J
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APPENDIX 3 CO-FACTOR MANIPULATION
From Appendix 2, we have the equation
A. £ z = 0
-1where A = T_ - £  * £  , S for rectangular pulse basis functions and
IAI = 0.
The condition on the determinant of A, requires the set of equations for 
_C to be linearly dependent. Let the (i*j) cofactor of |a J be denoted 
A 1 J .
Now* if A 1J f  0 for at least one value of j then the ratio of the 
elements of can be found - that is the set of n equations for 
contains n+1 unknowns,, If the equation is written as
Aj1C1 + Aj2C2 + Aj3C3 + 0
with A., the (j,i]b ^ element of _A, note the fundamental properties1^  J —*
N kiZ A.. A = 0 j = k 
J1
N N
2: A., A 1K - I A, . A = IAI
1=1 lk  1=1 Kl =
Then it is clear that
r, AkiC. = q.Al
is a solution of the equations with q an arbitrary constant, and is
k 3. ,valid for allfek^N. Now, some of the cofactors A (k=1-H\l) will vanish
but it is clear there are always sufficient non-vanishing values so that
12 0the ratio of all the values C. is known »—   i
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In  a  com puter . im p le m e n ta tio n , th e  c o fa c to r s  o f  th e  m a t r ix  A, a re
c a lc u la te d  and th e  v a lu e  o f  ( i j )  a t  w h ich  th e  maximum c o fa c to r  o c c u rs
lo c a te d .  L e t t h i s  v a lu e  be deno te d  i , , j  , Then th e  v e c to r  C i s1 1 —z
g iv e n  by C. = A *^ 1 /A 11 '^1 «
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g = B sinh (4r) + A sin C4qD 
~   Q '“i m
A4.4
h - A sinh C4r) - B sin (4q) 
Q
■ l l A4.5
2 2 2 where A = 2q {a e - (1 + e ) (q + r )} o r r
o r  r
0 * ' 2 ( 1  + ta n 2 (2q) ta n h 2 (2 r )J  (4q2 + 4 r 2 )
2’ 9 - " '■
sech ( 2 r )  sec“ (2q )
Furthermore, comparing the real ana imaginary parts of A4.3 we have
Equations A4.6 to A4,7 give a set of equations which must be satisfied 
for a pole to be present. These equations are similar in character to 
those obtained for the one-dimensional case, but considerably more 
complicated.
Substitution of A4.4, A4.5 into A4.7 gives:
2
o . A4.6
gh = -qr A4.7
AB(sinh2 (4r) - sin2 (4q)) + (A2 - B2 ) sin(4q) sinh(4r) + qrQ2 = 0
A4.0
whereas A4.4, A4.5 in A4.6 yields:
4ABsinh(4r) sin(4q) + (A2 + B2 ) sin2 (4q) - (A2 - B2 ) sinh2 (4r)
2 2 2 + CTCq2 -  r  ) = 0
A4.9
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Unfortunately, equations A4.8, A4.9 are only easily soluble by numerical 
techniques. Hence, a numerical investigation of these equations was 
undertaken. While accepting this is not a formal proof, it was felt a 
reasonable approach.
Equation A4.8 was solved for r as a function of q by a interval-halving 
technique, given a^. Likewise, A4.9 was solved. When a common solution 
for A-1.8, A4.9 was encountered (established via linear interpolation 
over small increments in q), the variables g and h were computed, and 
A4.6 tested.
Finally, the sign of g was tested. This is, in effect, the condition 
for a pole lying on the proper Riemann sheet (g-positive). In the 
cases considered, it was not possible to locate any complex 8n poles, 
that is q existing, on the proper Riemann sheet. Due to the similarity
of the equation with those developed in Chapter 4 for the finite array,
15 14 32and the work of Pozar , Alexopoulos and Collin in one-dimensional
cases, it was felt these results were sufficient justification for the
inclusion of only real 8n poles in the calculations. However, it is
recognised the numerical approach discussed does have potential
difficulties in locating all possible solutions of the equations by
an essentially graphical technique. Nonetheless, great care was
exercised in this area and it was felt the results were valid over
the ranges of a considered.
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APPENDIX 5 FINITE ARRAY FIELDS IN THE EXTERIOR REGION
G iven
A A A
E = E x  + E y  + E z  . . .  A5.1
x -  y~  z—
S im p le  f i e l d  e xp a n s io n  g iv e s
„ 32A + 32A
E «  1_ f y  z
X jw e li 3y3x 3z3x
. . .  A 5,2
32A 32A Q
f  = - •?«,a + . f Y + z > * • * A5.3
y y jwep 3y3z
32A 32A
E = - jujA + - 5 - 4  ) . . .  A 5 , 4
z z jw e y  3y3z 3z2
w ith  (C h a p te r 4 .1 )
A = A
y y
w i  . •> “ j h y - j k z  -  j v xl ( k  , k  J e  ° y J ° z  d k . d k
y z  y z
A = A z z m( k  , k ) e - j V  "  j k z Z '  J W  d k  dk  y z  y Z
From t h i s ,  we (nay w r i t e
E =
j k  z  -  j v x  
u z dk  dk
y z
S
■ . ■  A 5 .7
EV -  f f  F „ e ' j V  '  j K ZZ ‘  JVX d k  dky y y z
s
... A5.8
where S, th e  in t e g r a t io n  re g io n ,  has been l im i t e d  to  th e  r a d ia t iv e  
r e g io n  (C h a p te r 4 .2 ) ,
I t  i s  th e n  c le a r
Fx jo isy
(k  v"
y
1 + k \>: 
z
m3 . A 5.10
F = - I ojI  -  (k 2 1 + k k m3 . . .  A5.11
y - jwey y y z
F = - ju m  -  (k 2 m + k k 1) . . . A 5 . 1 2
z jtoey z y z
In s p e c t io n  c le a r ly  shows o n ly  tw o o f  th e s e  fu n c t io n s  a re  in d e p e n d e n t, 
and m a n ip u la t io n  y ie ld s
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From the definition of the magnetic vector potential (J3 = V*A) and
the relations of Appendix 5, it is clear that all six field components
have a common functional dependence on observation point of the form
2 2 2exp {7j (vx * k v -* -k z)}, Now, when k * k  < k (taking the k ,k y - z  y z o  y z
contour in the ResCk ,k? ) plane) v is real and we have an exponential
. _ ,, _ -j(vx + k y + k z) t u • • t ., •term of the form e J y z , This is a wave (as it is an
elementary solution to the wave equation) with constant magnitude and
constant phase front described by vx + kyy + k^z = constant, and is
hence a unattenuated plane wave. The direction of propagation is
determined by the coefficients of the position variables x,y,z each
of which must be proportional to a direction cosine nx »ny>nz (Figure
A6.1). Thus:
v = C n  , k = C n  # k = C n  with C a constant. Therefore it x y y z z
can be seens
APPENDIX 6 EVALUATION OF THE RADIATION PATTERN
n = cos ax
n = s m  a s m  y z 1
n - s m  a cos y
y
such that
2 2 2 2 But k + k + k = k so that C = k and we have x y z o o
v = k cos a A 6,1o
k = k sin a cos y ... A 6.:
y o
k - k sin a sin y ... A6.3z o 1
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E. =l
_ n , , 3 -j (vx + k y + k z) ,, ,,
i y' z' o e y 2 d V kz AB.4
with i = x,y,z representing the x,y,z component of _E, as in Appendix 5„
In order to evaluate the far-field, the asymptotic value of this
2 2 2integral as r M  in any direction is required,where r = (x + y + z )
Changing from rectangular to polar co-ordinates via the transforms
x « rcosG, y = rsin0cos<{>, z = rsin^>sin0, 
and from t k y , k z ) t o  ( a ,y )  gives:
ErfrcasG , rsin0cos<j> ,rsin0 sinffok^)
F.(k sinacosy,k sinasiny,k ) l o 1 z o
C C a y
g-j k^r (cosacasG + sinasinysinGsin<j> + sinGcos^sinacosy)
.J dady A6.5
where J is the Jacobian given by
k cosasiny k^cosacosy
■k^sinacosy k^sinasiny
and C ,C denote the a and y plane contours, These can be found via a y 1 r
the equations:
a = sin 1 C±Ck2 + k2 ) V k  ) y z o
y = tan 1 (k /k )
z y
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—tt/2  £ y £ 7r/2 — it /2  $ a. $  ir /2
Now c o n s id e r  th e  e x p o n e n t ia l te rm  in  e q u a tio n  A 6 .5  w h ic h  can be w r i t t e n :
^ “ j k ^ r  {s in 0 s in a co s(v -< J> ) + c o s (a  - 0 )  -  s in G s in a }  
and becomes
i k  r  s in G s in a  {1  -  c o s (y  -  6 ) }  - j k  r  co s (a  -  0) 
e o  ,e  o
and hence the visible region is given by
le a d in g  f i n a l l y  to
- j k  r  j k  r  s in G s in a  (1  -  co s (3  -  <{>)} j k  r  (1  -  c o s (a  -  G )) e o , e o © 6 o
• 69 A 6.6
Hence th e  in t e g r a l  becomes
tt/ 2 ir/2/* r f
- tt/2  - tt/2
j k  r { l  -  co s (a  -  0 ) }  
• e o s in a c o s a  da
A 6.7
C o n s id e r f i r s t  th e  in n e r  i n t e g r a l  ( i n  y )
L e t q = k Q { l  -  c o s (y  -  <j>)} s in a  sinG
o
o 1
Now s in ( y  -  <j>) = (1  -  cos (y  -  <j>))2 = ( l  -  (1  -
k s in a  s in o  o
A6.8
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so the required integral is
0
k s in a  s in 6  o
1
k (1  + sin<j>)sina s in 0
o
o
k Q( l  -  s in c f))s in a  s in 0
Fj. / { I  -  (1  -
o
0
A 6.9
w here th e  f i r s t  i n t e g r a l  re p re s e n ts  th e  re g io n  - tt/ 2  < y  < 4> and th e  second 
(j> < y  < tt/ 2 .
I t  i s  now r e q u ir e d  t o  a p p ly  th e  R iem ann-Lebesque lemma. F o r t h i s  t o  
be v a l i d ,  th e  in te g ra n d  m ust be bounded and o f  l im i t e d  t o t a l  f l u c t u a t io n .  
H ow ever, a t  q = 0 ,  th e  in t e g r a ls  A 6 .9  a re  n o t bounded. Hence t h i s  p o in t  
m ust be removed by in t r o d u c t io n  o f  a s m a ll i n t e r v a l ,  £ , in  y and 
t r a n s fo r m in g  th e  in t e g r a l  a round  q = 0 back in t o  y -s p a c e .
The re m a in in g  in t e g r a ls  in  q can th e n  be s u b je c te d  to  th e  R iem ann- 
Lebesque lemma, w h ic h  a s s e r ts  t h a t  i f  a fu n c t io n  f  (q )  has l im i t e d  
t o t a l  f l u c t u a t io n  on th e  i n t e r v a l  ( a , b ) ,  th e n  as r  ■> » ,
b
a
and hence a s y m p to t ic a l ly  approaches ze ro  as r  *+ 00. A l l  t h a t  re m a in s  
i s  th e  in t e g r a l  a round  q = 0 . Now f o r  an a r b i t r a r y  s m a ll £ , t h i s  can 
be w r i t t e n  i n  y -s p a c e  a s :
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*+S
F “  c o s( y “  * ) }  s in a s in ©
i
ro F (k  s in a  c o s y .k  s in a  s in v . k  ) 
ro o o o
Y = 4
*+S
4>-e
r -i sY-<I>\2 . . ,ej k Qr  (+ -X )  s in a  s in *  ^ A6.10
The l a t t e r  in t e g r a l  can be p u t in t o  s ta n d a rd  fo rm  by  a change o f  
k r  s in a  s in 0  \
v a r ia b le ,  t  = ( ,° . ■ ■ .  ) ( y  -  * )  and g iv e s  th e  r e s u l t  f o r
7T
th e  in t e g r a l  in  A 6 .10  to  be
2ir
k  r  s in a  sin©  
o
iir/4 1 + 0 (-A -)
£ r 2
L e t t in g  £ approach  z e ro  w h i le  £ r 2 -> 00 th e n  g iv e s  th e  in n e r  in t e g r a l  
o f  e q u a tio n  A 6 .7  to  b e :
2tt
k r  s in a  s in 0  
o
e “ F (k Q s in a  s in y , k o s in a  s in y , k Q)
1 + 0 ( l / r )
The o u te r  in t e g r a l  can be e v a lu a te d  i n  a s im i la r  w ay, and g iv e s  a 
f i n a l  r e s u l t :
E. = j  e ,co s0  F . ( k  s in 0  c o s * ,k  s in 0  sin<J),k ) . . .  A 6 . l l
l  o
The s p h e r ic a l  a n g u la r  com ponents o f  E_ a re  r e q u ir e d  f o r  c o n v e n t io n a l
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r a d ia t io n  p a t te r n  d e f i n i t i o n .  These can be c o n v e n ie n t ly  w r i t t e n  in  
te rm s  o f  th e  re c ta n g u la r  com ponents o f  E a s :
E* (r .Q .c b .k  ) = E cos<f> cos6 + E sin<i> cos0 -  E s in 0  . . .  A 6 .12
0 * 9T9 o y  z  x
E^ ( r ,0 ,< j) ,k o ) = sincj> + E^ cos<j> . . .  A 6 .13
w i th  E^ e a s i ly  d e r iv e d  fro m  A p pend ix  5 .
The argum ents used in  t h i s  c a lc u la t io n  a re  e s s e n t ia l ly  a more r ig o r o u s
app roach  to  th e  p r in c ip le  o f  s t a t io n a r y  phase , and where f i r s t  used 
17
hy Rhodes
yFIG. A6-1 Uniform Plane Wave with Unit Normal n 
in the Direction (**-»*) CRhodes^D
2 0 4
.APPENDIX 7 . .APPROXIMATE.FORMS OF.R. . , .S , T AT.LARGE |k  + k  | 
____________ r p  r p *  r p  1 y  z n 1
2 ^
M a n ip u la t io n  o f  th e  v a r io u s  e q u a tio n s  o f  C h a p te r 3 le a d s  t o  th e
fo l lo w in g  e q u a tio n s  f o r  R . S and T :
r p  r p  r p
R -  ~J1Jo Irp  --------  L2ttL  n=-°° 
s -°°
j0 t a n ( 8 n t ) ( k  2HcQ2 ) - v n 2 ( k o 2er - k  2) k Q2k  2
lc 2v l - 2 j8  v c o t (28 t ) - 8  2 ( l + 0 +k  2 e (e ~ 1 )} o n  n n  n ' n  r  o r r
f  (k  ) dk y y
. . .  A 7 .1
_  - jy
rp
n=o
o I
2ttL n=-°° 
s
k  k  (v  2 + j v  8 ta n  (8 t ) + k  2e (lc lc ~ 1 ))  y  zn n n n______ n o r  y  zn
k  2v k 238 v c o t(2 8  t )~ 8  2 ( l+ e „ ) + k  2e (e - 1 ) }  o n  n n  n n r o r r
- j y
r p £
OO I—
r
2ttL n=-°°S -OD
j8  v t a n ( 8 t ) ( k  2-lc2 )_e v 2k  2- k 2 (k  2+k 2 ) n n n -^ ^ z n  o ' r  n o zn zn y
lc 2v {~2jg v c o t (28 t ) - 8  2 (1+e ) +k 2e (e - 1 ) }  o n  n n  n n r o r r
f  ( k ) dky y
A 7 .2
. f  (lc ) dky y
J  . . .  A 7 .3
w i th  f ( k
4sin(kznAz)sin(kyAy) jk zn( v V  jky (yr-y p> _ jv  6h
/ “ i, v e ek  k  zn y
2 2
C o n s id e r th e s e  fu n c t io n s  a t  la rg e  v a lu e s  o f  Ik  + k L
1 y  z n 1
i )  F u n c t io n  R
. . .  ................. PP,
2 2
C o n s id e r e q u a tio n  A 7 .1 . A t la rg e  jk y  + k ^ |  we have
3 ro r) v ^  j ( k 2 t  k 2 )5 n ro ' n ^  y  zn
w here n = -1  f o r  th e  n e g a tiv e  b ra n c h  o f  v ^  and n =1  f o r  th e  p o s i t i v e
b ra n c h  o f  v .
n
F u r th e rm o re ,
ta n ( 8  t )  ro j t a n h ( k 2 + k 2 ) 5 t )  ^  j  n 'v J y  zn ro J . . .  A 7 . 5
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assuming kzn is  largely real (true for low radiation loss per period). 
By substitution, we then arrive at:
1 = — £  £ Grp 2ttL n=-« n  ^ s
k sin(k Ay ) sy y Jr jk (y -  y ) -  v6h
■ '9  1 9 i e y r Jp dk
(k4 + J)2 : y zn
A7.6
with
= 4j sin(k Az ) e^kzn^Zr Zp  ^ /(k  k2 n (2)1 t i t s  ))zn r zn o
Consider in it ia lly  a value of k , denoted by kyQ, su ffic ien tly  large
that |k2 + k2 | »  k2 and jk j >> jk |, but |k | >/> |k |i yo zn1 o ' yo1 1 zn1 1 ' o 'zn
Then we may write:
k s in (k Ay) v v  r  v  . ,——---- —* - f  •v sm  k Ay )
(k2 + k2 >f y
y zn
k ^ k
y yo
and from symmetry considerations, we have
- 3 U  co
R = - - — ■ £ Grp 2ttL n ^ s n=-»
y °
r dk + 2 rp y sin(k y ) y Jr>
-k
yo y °
cos(k (y -  y )) e ikyl^k dky r p J yj
A7.8
where lim it <5h ->:0 is  required and r ^  represents the integrand in R 
as given in equation A7.1.
JljLZThe integral from k^Q -> «  is  a standard integral (page 196, ).
Taking the limit Sh *> 0 gives:
2 0 6
CO I .
f -|k |6h 
j sin(kyAy)cos(ky (yr-y p))e  dk
k y
_  i2
•J* •{* “  ■
acos(ak o) acos(ak o)
y  + y
+o
yo
A7.9
where a+ is given by Ayp + (y^ -  y ) and a by Ayp~ (yr -  yp) .
Thus the concept of an analytic "correction factor" has been established. 
This accounts for the t a i l  contribution to the integral - (that is  from 
±kyQ to ± « ) .  The integral around the origin is  evaluated numerically 
(Chapter 5).
The question now arises of the higher order Floquet modes, when 
2 , 2k »  k . In this case, the contribution to R may be written: zn o * rp
4j {sin(k  Az )cos(Az 2irn) + cos(k A )sin(Az ~ E ) }  J zo r r-ft— zo zr r LL s
R*  =    ,      s ---------- ------------ -------------------------------
p k n(2n + 1 + e ) /i . 2irn*o r (k + -«=—■)zo Ls
jk (z -  z ) _. eJ zn r d .1rp
A7.10
I being given by:
I = 2  
rp
— V ^ " "o"" i sin(k Ay ) cos(k (y -  y )) dk
(k + k y y r P yy zn
Equation A7.10 becomes (taking the lim it 6h +  0)
t
(c i  + i c 2 ) ' T4j e ^ z o ^ Zr Zp^
k2o
+ ( c 3 + jC )
it k z z
A 7 . l l
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where C, = sin(k Az ) eos(Az 2im/L ) c o s y  1 zo r r s A
C_ = cos(k Az ) sin(Az 2im/L ) sinx 2 zo r r s A
C„ = cos(k Az ) sin(Az 2im/L ) cosx 3 zo r r s A
C„ = sin(k Az ) cos(Az 2irn/L ) sinx 4 zo r r s A
k = k + 2im/L z zo s
k = k -  2im/L z zo s
X = 2iTn (z -  z )/L  r p s
and
(1 -  e ) r
2 2 - 12 k sin(k Ay ) cos(k (y -  y )) „ (k + k ) 2 dk y y r y r p y z /  y
T 1 -
R "  (1 ~ " O 2 k sin(k Ay ) cos(k (y -  y )) , (k2 -  k2 ) 2 dk y y y Jr Jp y z y
A7.12
Noting that n = -1  for n large and positive and n = +1 when n large and 
negative.
Using the identity
2 sin(k Ay ) cos(k (y -  y )) = sin(a k ) + sin(a k ) y r y r y y
112the integrals A7.12 can be evaluated via the expression :
xsmi n (ax) dx = ( - l ) ^ +b / i t  3 a^ 1< (ab)
(b2 + x 2)9+2 24b4 T(q+) 8a
2oa
where is  the modified Bessel function of order q, and T the Complete 
Gamma function. In this case, q = 0 leading to the expressions:
I = -  — — i —  (K (a k ) + K (a k ))R (1  -  e ) o  z o  z r
h  = -  T a -T T )  (Ko (a kz ) + Ko kz »
r
where K is the f ir s t  derivative o f K , o o
A7.13
The identity (equation 9 ,6 .2 6 ,
K* (z) = -K (z) . . .  A7.14o 1
is  useful when computing the required derivatives.
The equations A 7 .ll  *> 7.14 are easily  implemented using a series
111approximation for (z) , and represent a computationally re la tiv e ly
e ffic ie n t means of including high orders of Floquet modes,
. i i ) . .Function S 
     _ £ £ .
This is  given by equation A7.2. Applying the approximations A 7.4 , 
A7.5 yields for the n = “ 1 case:
+00
“ DP,
3 = — ^  Z Hrp 2irL n=-°° n s
f - j  sm  k Ay ) . .y r jk (y -  y ) -  iv 6h — s ----- ff-'X —  e y r Jp n dk
(kZ + kZ )2 3
y zn
-8  sin(k Az ) .. , N
with H = ---------------ss__£ - O
n k2 (1 -  B ) o r
e" zn r p A7.15
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2 2
For n = +1* Spp is  approximately equal to zero at large |ky + kgn l»
Again consider the case |k2 + k2 | >> k2 , |k | £ Ik | 9 |k | >/> ke 1 y zn1 o * 1 y 1 1 yo1 9 1 zn1 <
The t a i l  contribution to the integral then becomes (realising the anti­
symmetric nature of the integrand with respect to ky and taking the lim it  
Sh ->• 0 ) ;
OO
2 sin (kA y^ (y _y ))dk
 ------ y ^r y
k yyo
which may be written as:
cos(ak )
-2- dk -
cos(ak )
  y dklc y. k y 'lc y lc yyo yo .This allows the use of the identity
cos(ak )
 y dk = | (Ert(-jak ))
k  ky y 1 yo-
yo
1 1 9where E^(z) is  the Exponential Integral (page 183 ) ,  leading to a
to ta l correction factor equal to
\  { E;l C-jakyo) + E;l (jakyo) -  Ex (-jak yo) -  (jakyQ)}
= Hn { R e ^  ( j a k yQ ) )  -  Re (E1  ( j a k y o ) ) }
A7.16
For the higher Floquet modes, that is  n large and p ositive , then 
2 2 2
ik ^  + Ryl >> for a l l  ky , and hence the required integral can
again be decomposed into the cosine-type integrands, These take the
111form of a standard integral (page 376 ):
00 
f
cos (ax) , _ „  , , ,—5 dx = K (ab)
/i-v i A- \  O(b + x )
0
2 1 0
with K (ab) the zero order modified Bessel function, 
o
Thus, the contribution o f higher order Floquet modes to S can be 
written:
+
Sn = H (K (k a) -  K (k a )) . . .  A7.17rp n o zn o zn
The contribution for large negative n becomes negligible.
i i i )  Function T
r P
Applying the approximations A7.4 -*• A7.5 gives:
T ro rp ro
2 ttL
E 'J n=-°° n
sin(k Ay ) 
y Jr
k (k + k ) 
y y zn
jk (y -  y )9 l  e y r ^p dk 
4 ' 2  y
A7.18
2 2valid for large Ik + k | 1 y zn1 with
J = n
4(k2 (1 -  n) ~ k2 (1 + e )) sin(k Az ) e^zn  ^Zr zn o r  zn r
-k k n(2ri + 1 + e ) o zn r
z ) 
P
2 2 2 2 For the region when k >> k but k | >/> k the analytic correctiony o 1 zn1 o J
factor for the to ta l t a i l  contribution to the integral becomes:
+ ' a r ( - l ,  - ja  k ) + r ( - l ,  ja  k )* J yo 9 J yo
_ t
a
r ( - l ,  - ja  ky o ) + r ( - i ,  ja  ky o )
+ 1 —1where a = (y -  yp) + jAyp , a = (y -  yp) - jAy  ^ and r ( - l , z )  is
the Incomplete Gamma Function. This has been derived via the identity 112
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l i - l  -axe ax sin 6x dx -  ~r ((a + jS)  ^ r ( y , ( a  + jS)u)
u
- (a -  j 6) y r(u,(a - j<S)u))
2 2Again* consider l^znl >> Then the integral in A7.18 can be written:
sin (k Ay ) cos.(k  (y -  y )) ,,y Jr y Jv  Jp dk
~   2 2 ^  yk (k + k )2 y y zn
0
which can be decomposed into integrals of the form:
A7.19
sin (ax)
' in - p" ■
x(x + b ) :
dx = I
Unfortunately, th is integral could not be found in standard tex ts . I t  
may, however, be evaluated using the following technique.
I l lConsider in it ia lly  the standard integral (equation 9 ,6 .2 5 , ):
cos(Ax)
(x + b ) :
dx = K (Ab) A7.20
Integrating A7.20 with respect to A yields:
co a
sin(ax)
'2— ' .2  1 dX =x(x + b ):
K (Ab) dA o . . .  A7.21
0 0
Introducing the variable U = Ab gives the right hand side of A7.21 
to be:
K (U) dU where u = ab o
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This integral can be evaluated via tables (Chapter 11, 111) or via 
the modified Struve functions , the identity:
K (U) dU = i  ir (K (1) h A l )  + Ln( l )  K (1)) o 2 0 -1  0 -1
= 1,3931
and numerical integration of the K function between ab and 1,o
In th is way, via equations A7.18, A7.19 an approximate form of the
function T for the higher order Floquet modes has been developed, rp
As in the case of functions R and S this allows the higher orderrp rp
modes to be e ffic ie n tly  included in the calculations, o f Chapters 3 , 
4 and 5.
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When specifying the three dimensional fa r -fie ld  radiation pattern of 
an antenna, i t  is  conventional to use the spherical co-ordinate system 
(r ,0 ,p )  as shown in Figure 2 .1 . In th is the angles 0,tj> are related to  
the Cartesian co-ordinate systems ( x ,y ,z ) ,  For consistancy, th is  
convention has been adopted in the analysis undertaken in th is th esis . 
However, the experimental measurements (Chapter 2 ) , and hence the 
comparisons made in Chapter’ 6, are with respect to the rotated co-ordinate
t T I
system, (x ,y ,z ) ,  with pattern angles ©m4)m• This system is defined
i
such that the x axis is  always pointing along the main beam direction.
As the antennas considered in this thesis are linear travelling wave 
arrays, th is definition involves a rotation of the co-ordinate system 
around the y axis only by an amount 0p (Figure 2 .1 ) , the main beam 
pointing angle In the x ,y ,z  system.
The reason for the adoption of this rotated co-ordinate system is  to 
ensure each plane of measurement of the radiation pattern passes through 
the peak of the main beam. This then eliminates the p o ssib ility  of  
errors in the relative  levels of each measurement due to long term d rift  
in the measurement apparatus.
The pattern angles, 0m»^m ca*i be related to the conventional co-ordinates 
0,p by the transformations:
0^ = cos b (cosOcosOp + sin0sin<j)sin0p)
= tan 1 (tan<}>cos0p -  cot0seepsin0p) 
where 0p is  the main beam pointing angle in the (x ,y ,z )  co-ordinate system.
A P P E N D IX  8 ANTENNA M EASUREM ENT C O -O R D IN A T E  SY STEM
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It is  noted that i f  *m = 9 0 ° , 6 = 9^ + 0p. Furthermore, i f  E ^ ,  E ^  
represent the E_ f ie ld  components in the 0^, *m directions,
Ert = E cos0 cos* + E cos0 cos0 sin* -  E cos0 sin0 0m y m m z p m m x p m
E, = -E sind + E coso cos**m y m z p m
with
E = -E a sin0 x 0
E = Ea cos0 cos* -  sin* E,y 0 Y *
E = EA cos0 sin* + E. cos*z 0 *
t i i
F inally , the co- and cross-polarisation in the x ,y ,z  system,
E , E are defined by:co cross m m
E = EA c o s *  ■* E, sin* co 0m m *m m m Y
E = E- sin0 -  E, cos*cross 0m m *m m m
for the principal plane of polarisation aligned with the y -axis.
I f  th is is  aligned to the z -a x is , E , E are juxtaposedco cross u Mm rn
8 B
2 1 5
NO TAT IO N
t h
a n o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c i e n t
n
t
o f  Ay ( d i e l e c t r i c  re g io n )
rot
a a m p litu d e  c o e f f i c ie n t  o f
a k t  (e -  1 ) 2
o o r
A m a g n e tic  v e c to r  p o t e n t ia l  in  th e  p e r io d ic  a r ra y
ro
A m a g n e tic  v e c to r  p o t e n t ia l  f o r  f i n i t e  m ie r o s t r ip
t  tA ,A  y , z  components o f  A in  th e  d i e l e c t r i c  re g io n
y 2
j i
)
n
n
( p e r io d ic  a r r a y )
Ab ,A b y ,z  com ponents o f  A_ in  th e  in te rm e d ia te  re g io n
( p e r io d ic  a r r a y )
s s >A * ,A z com ponents o f  /\ in  th e  f r e e  space re g io n  ( .p e r io d ic
a r r a y )
rot rot ro
A , A y , z  com ponents o f  A in  d i e l e c t r i c  re g io n  (n o n -a r ra y
y z
e n v iro n m e n t 3
y ,z  com ponents o f  X  in  in te r m e d ia te  re g io n  (non­
a r ra y  e n v iro n m e n t)  
ros ros 'v
Ay ,A ^  y , z  com ponents o f  A_ in  f r e e  space re g io n  (n o n -a r ra y
e n v iro n m e n t)
A fu n c t io n  o f  <j>,0 (C h a p te r 2 ,4 )
( i , j ) bb o o - fa c to r  o f  | a |
► th
A . .  ( j* j» i) e lem en t o f  A
t  hb n o rd e r  F lo q u e t mode a m p litu d e  o o - e f f i c ie n t  o f
A*
z
b a m p litu d e  c o - e f f i c i e n t  o f
B m a g n e tic  in d u c t io n  v e c to r
*fc nc n o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c i e n t  o f
A (+x d ir e c te d )
a m p l i t u d e  c o - e f f i c i e n t  o f  A ( + z  d i r e c t e d )
c o n to u rs  in  th e  a ,y  p la n e  (A ppend ix  6) 
c o - e f f i c ie n t s  o f  J ^ J ^ s e r ie s  e xpans io n  (A p p e n d ix  1 
and C h a p te r 3)
n ^k o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c i e n t  o f  
A*1 ( - x  d i r e c te d )
y
vh
a m p litu d e  c o - e f f i c i e n t - o f  A^ ( - x  d ir e c te d )
n ^k o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c i e n t  o f
A*"1 (+x d ir e c te d )  
z
A»ha m p litu d e  c o - e f f i c i e n t  o f  A^ (+x d ir e c te d )  
E x p o n e n tia l I n t e g r a l  o f  x 
C a r te s ia n  com ponents o f  _E 
E le c t r i c  f i e l d  v e c to r
e le m e n ta ry  wave s o lu t io n s  o f  E^,E  ,E z (C h a p te r 4
and A ppend ix  5) 
t  hn o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c i e n t  o f
Ak ( - x  d ir e c te d )  
z
a m p litu d e  c o - e f f ic e n t  o f  ( - x  d ir e c te d )  
x -  c o -o r d in a te  o f  c o n d u c tin g  s t r i p
M ) 4
c u r r e n t  d e n s ity
y , z -  com ponents o f  £
c u r r e n t  d e n s ity  b a s is  fu n c t io n s
J a c o b ia n  (A p p e n d ix  6)
wavenumber in  any medium
f r e e  space wavenumber 
*fc hn o rd e r  F lo q u e t mode x - d ir e c te d  wavenumber
y - d i r e c te d  wavenumber 
t  hn o rd e r  F lo q u e t mode z - d ir e c te d  wavenumber
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t  hk z e ro  o rd e r  F lo q u e t mode z - d i r e c te d  wavenumber
zo
f
k R eal p a r t  o f  kzo zo
II
- k  Im a g in a ry  p a r t  o f
t  h1^ n o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c ie n t  o f
g
A ( fre e -s p a c e  re g io n )
^s
1 A m p litu d e  c o - e f f i c i e n t  o f  Ay
L L in e a r  o p e ra to r
L P e r io d ic i t y  o f  th e  a r ra y
s
*fc h
m^ n o rd e r  F lo q u e t mode a m p litu d e  c o - e f f i c ie n t  o f
3
A^ ( fre e -s p a c e  re g io n )
^ 3
m A m p litu d e  c o - e f f i c ie n t  o f  Ay
nx *n y#nz D ir e c t io n  c o s in e s  a lo n g  z , y , z  axes (A ppend ix  6)
P Power ra d ia te d  by s in g le  m ic r o s t r ip  o p e n - c i r c u i tH
(C h a p te r 1 ,3 )
P^acl Power r a d ia te d  by f i n i t e  a r ra y  (C h a p te r 4)
q $ t  (C h a p te r 3 ,5 )
r  Im a g in a ry  p a r t  o f  \>mt  (C h a p te r 3 *5 )
r  F ie ld  p o in t  d is ta n c e  fro m  an tenna  (A ppend ix  6)
R e s^ (x ) i 15 re s id u e  o f  fu n c t io n  x
s B a s is  fu n c t io n  (C h a p te r 3 ,3 )
n
S i( x )  S in e  in t e g r a l  o f  x
t  D ie le c t r i c  th ic k n e s s
X
>c U n it  v e c to r  in  x - d i r e c t io n
A
y U n it  v e c to r  in  y - d i r e c t io n
y* y - c o o r d in a te  o f  p o in t  on c o n d u c tio n  s u r fa c e
A
z  u n i t  v e c to r  in  z - d i r e c t io n
I
z z - c o o r d in a te  o f  p o in t  on c o n d u c to r  s u r fa c e
Zs M ic r o s t r ip  s tu b  impedance
a P lane-w ave  a n g u la r  c o o rd in a te  (A ppend ix  6)
E xpans ion  c o - e f f i c ie n t  (C h a p te r 3 ,3 )
x - d i r e c te d  wavenumber in  d ie l e c t r i c  re g io n  (C h a p te r 4) 
P lane-w ave  a n g u la r  c o o rd in a te  (A ppend ix  6)
S k in  d e p th  (C h a p te r 13
D ira c  d e l ta  fu n c t io n
S m a ll in t e r v a l  in  x (A ppend ix  13
□pen c i r c u i t  s tu b  le n g th  c o r r e c t io n  f o r  end
su sce p ta n ce
P e r m i t t i v i t y  o f  a medium
R e la t iv e  p e r m i t t i v i t y  ( d ie le c t r i c  c o n s ta n t)
P e r m i t t i v i t y  o f  f r e e  space
E f f e c t iv e  d i e l e c t r i c  c o n s ta n t 
"t> h
n o rd e r  F lo q u e t mode x - d ir e c te d  wavenumber in  
f re e -s p a c e  re g io n
x - d i r e c te d  f re e -s p a c e  wavenumber (C h a p te r 4) 
C o n v e n tio n a l f a r - f i e l d  r a d ia t io n  p a t te r n  a n g u la r  
c o o rd in a te
"Scanned beam" p a t te r n  a n g u la r  c o o rd in a te  (A p p e n d ix  8) 
M ain beam p o in t in g  a n g le  in  x - z  p la n e  
F re e -s p a c e  w a ve le n g th
E f f e c t iv e  w a v e le n g th  in  m ic r o s t r ip  medium 
C o n v e n tio n a l f a r - f i e l d  r a d ia t io n  p a t te r n  a n g u la r  
c o o rd in a te
"Scanned beam" p a t te r n  a n g u la r  c o o rd in a te  (A p p e n d ix  8) 
A n g u la r  fre q u e n c y  
P e r m e a b i l i ty  o f  a medium 
P e r m e a b i l i ty  o f  fre e -s p a c e
nth o r d e r  F l o q u e t  mode x - d i r e c t e d  w ave nu m b e r i n
d i e l e c t r i c  r e g i o n
2 1 9
0 V e c to r  0
£  M a tr ix  Q
£  *  £  V e c to r  p ro d u c t o f  £  and £
V d e l o p e ra to r
[ Q | M odulus o f  Q
Q* Complex c o n ju g a te  o f  Q
9
Q (x )  F i r s t  d e r iv a t iv e  o f  Q (x) w ith  re s p e c t  to  x
ln (Q )  N a tu ra l lo g a r ith m  o f  Q
lo g (Q ) L o g a r ith m  to  base 10 o f  E]
A n c i l l a r y  N o t a t i o n
